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Abstract

We study the well-posedness of a system of multi-dimensional SDEs which are cor-
related through non-homogeneous mean-field drifts and also by driving Brownian mo-
tions and jump random measures. Supposing the drift coefficients are non-Lipschitz,
we prove for the system the existence of strong, L!-integrable, cadlag solution which
can be obtained as monotone limit of solutions to some approximating system of
SDEs, extending existing results for one-dimensional jump SDE with non-Lipschitz
coefficient. We show in addition the positivity and the pathwise uniqueness of the
solution.

1 Introduction

We consider a multi-dimensional generalisation of the following one-dimensional stochas-
tic differential equation (SDE)

A\ = a(b— N)dt + o/ NdBy + o7\ %dZ,, >0 (1.1)

where a,b,0,07 > 0, B = (B,t > 0) is a Browinan motion and Z = (Z;,t > 0) is
an independent spectrally positive a-stable compensated Lévy process with parameter
a € (1,2]. The existence of unique strong solutions to (1.1) is obtained by Fu and Li [9],
see also Li and Mytnik [16]. Dawson and Li [5] consider and prove in the framework of
CBI processes (continuous state branching processes with immigration) a more general
integral representation

t t )\5 t AS* ~
A = Ao —I—a/ (b—As)ds+a/ / W(ds,du)+az/ / CN(ds, dv,dC), (1.2)
0 0 JO 0 JO R+

where W (ds, du) is a white noise on Ri with intensity dsdu, N (ds,dv,d() is an indepen-
dent compensated Poisson random measure on R3 with intensity dsdvu(d¢) with p(d¢)
being a Lévy measure on Ry and satisfying [ (¢ A ¢?)p(d¢) < oo.
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The process given by (1.1) generalises the well-known Cox-Ingersoll-Ross (CIR) pro-
cess and its applications in mathematical finance are studied by Jiao et al. [14, 15]. The
link between general CBI processes and the affine modeling framework is established by
Filipovi¢ [6]. In a recent paper, Frikha and Li [8] study the well-posedness and numerical
approximation of a time-inhomogeneous jump SDE with generally non-Lipschitz coef-
ficients which, as a one-dimensional generalisation of (1.1), has a drift term involving
the law of the solution and can be viewed as a mean-field limit of an individual par-
ticle evolving within a system. The consequences of assuming generally non-Lipschitz
coefficients in these many settings make the well-posedness become challenging since the
classic iteration method fails to apply (see [9, 5, 8]).

In this paper, we focus on a system of finite number of jump SDEs where the drift term
of each equation is given by a mean-field function depending on other components of the
system and characterizing their interactions. Each equation contains a jump part driven
by general random measures which allows to include a large class of jump processes such
as Poisson, compound Poisson processes or Lévy processes. We impose mild conditions
on the dependence among components. In particular there is no need for the driving
processes, that is, Brownian motions and jump random measures, of the associated SDEs
to be independent. So the system can admit a flexible structure of dependence which
could be useful for potential modelling of correlated inhomogeneous system such as credit
portfolio with CIR-like stochastic volatility, see Hambly and Kolliopoulos [12, 13], or
systemic risks with mean-field drift functions, see e.g. Bo and Capponi [2], Fouque and
Ichiba [7] and Giesecke et al. [11].

To prove the strong well-posedness of the multi-dimensional system, we construct a
sequence of approximating solutions whose drifts are defined by a piecewise projection
of the minimal drift processes of all the components. We show that the approximating
systems are monotone by using a comparison theorem from Gal’chuk [10], see also Abdel-
ghani and Melnikov [1], who considered SDEs with respect to continuous martingales and
jump random measures where the coefficients of the semimartingale are not Lipschitz.
We then use the monotone convergence to establish that the family of limit processes
solves our system of SDEs. The key element is a technical lemma on one-dimensional
SDEs with a general drift coefficient. This result is essential to deal with the approximat-
ing solutions since their drifts are defined by conditional expectations so that standard
assumptions in literature fail to hold. We show in addition that the solutions are positive,
which is similar to CIR-like processes such as the one-dimensional SDE (1.1). Finally, we
prove the pathwise uniqueness for the solution of the system by following similar ideas
as in [9].

The rest of the paper is organized as follows. In Section 2, we present the system
of SDEs and the assumptions on the coefficients. The main existence and pathwise
uniqueness results and their proofs are given in Section 3. The proof of the technical
lemma are left to Appendix in Section 4.

2 System of SDEs and assumptions

We fix a filtered probability space (2, F,F = (F;)t>0, P) which satisfies the usual condi-
tions. Let Uy and U; be two locally compact and separable metric spaces. For N € N,



we study the system of the following SDEs of the following form
M= N+ ai/ (b; (s, AL, A2 s AY) = AD) ds +/ oi(AL)dw!
0 0

t . ~ t .
+ / / gio (Ao, u) Nio (ds, du) +/ / gin (Ao, w) Ny (ds, du)
0 JUy 0 JU;
(2.1)

for all i € {1,2,..., N}, where \) > 0, a; > 0, W = (W});>0 is an F-adapted Brownian
motion, Njg (ds, du) and N;; (ds, du) are Poisson random measures associated to two
F-adapted point processes p;o : €2 x Ry — Up and p; 1 :  x Ry — U; with compen-
sator measures f1;0(du)dt and ;1 (du)dt respectively. Let Nig (ds, du) = Nig (ds, du) —
i0(du)dt be the compensated measure of p; o (). For every ¢ € {0,1,..., N}, we suppose
that W¢, pi,0 and p; 1 are mutually independent but we do not require the triplet to be
independent for different ¢, j € {0,1,..., N}.

Example 2.1. A typical example of the drift function is b;(¢,z1, -+ ,zN) = % Z]kV:1 Tk,
which is the same for every i € {1,---,N}. Let Z° = (Z?)t>0 be an ag-stable com-
pensated Lévy process and Z% = (Z});>¢ be an independent a;-stable compensated Lévy
process with ag,a; € (1,2]. Let Uy = R?, 7' = (Z°, Z%) with compensated measure
ﬁi,o(dt, du) with u = (ug, u;) € Up, and the diffusion coefficient functions be given as

1/2

oi(x)=0;x and gio(x,u) = oz0uo - gt/ 4 07l - gt/

where 0; > 0 and 0z0,07; > 0. In this example, the process Z9 represents a common
external factor which affects significantly the whole market such as financial crisis or
pandemics (like the recent Covid pandemic crisis), or can also include more common
events which lead to more frequent and smaller jumps. The processes Z' are associated
to idiosyncratic factors which lead to individual shocks.

For the coefficients appearing in the diffusion terms, we assume the following condi-
tions are satisfied for all the components of the system (2.1). The regularity conditions
of Assumption 2.2 are motivated by the one-dimensional case in [9].

Assumption 2.2. We assume the conjunction of the following conditions for the param-
eters (Ua 90, 91, N07 Nl):

(1) 0 : R — R is a continuous function such that o(x) = 0 for x < 0. Moreover, there
exists a non-negative and increasing function p(-) on R, such that

T odz
—7 5 = 00 2.2

| 7 22
for any = > 0 and that |o(z) — o(y)| < p(|x — y|) for all z,y > 0.

(2) Np is the Poisson random measure of an F-adapted point process with compensator
measure pg and gg : R x Uy — R is a Borel function, such that

(i) for each fixed u € Up, the function go(-,u) : x — go(x,u) is increasing, and
satisfies the inequality go(z, u)+2 > 0 when x > 0 and the equality go(z,u) = 0
when x < 0,



(ii) for each fixed z € R, the function u — go(x, u) is locally integrable with respect
to the measure py,

iii) the function x — go(z,u)| A |go(z, w)|? po(du) is locally bounded,
Uo H

(iv) for any m € N, there exists a non-negative and increasing function z — py, ()

on R, such that

x

d

/ = foo (2.3)
0 pm(z)

for any z > 0 and
. |90 (., w) Am = go (y, u) Aml? po(du) < pp (| —yl) (2.4)
0
forall 0 <z, y <m.
(3) N is the Poisson random measure of an F-adapted point process with compensator
measure 1, and g1 : R x U — R is a Borel function, such that
(i) for any (z,u) € R x Uy, g1(x,u) + 2 >0,
(ii) the function
r— | gi(z,w)]p(du) (2.5)
U1
is locally bounded and has at most a linear growth when x — 400,

(iii) there exists a Borel set Uy C Uy with py (U1\Us) < +00, and for any m € N,
a concave and increasing function x — r,,(z) on Ry such that

/Ox % _ o (2.6)

rm(2)

for all x > 0 and

g |91 (2, w) A= gu (y, w) Am|pa(du) < rm(lz = yl)
2

(2.7)
forall 0 <z, y <m.

In particular, the inequality (2.2) can be compared to Holder condition in [8]. It is
satisfied if o(x) are a-Holder continuous in x for some a € [1/2,1].

In order to construct appropriate monotone approximations in the multi-dimensional
case, extra monotonicity and continuity conditions are required in Assumption 2.3.

Assumption 2.3. The function ¢ is either bounded or increasing on R, the functions
go and g; are left continuous in z € R, and the function g is either increasing in x € R
or bounded by some function (z, u) — G (u) with

/ |G (w)] 1 (du) \// G? (u) py (du) < 400. (2.8)
Uy Ui

Note that Assumption 2.3 allows to admit some discontinuity for go and g;. For
example, following (1.2), go can take the form u = (v,¢) € R and go(z,v,() = Lip<a}C-
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3 Existence and pathwise uniqueness of the solution

The main result of this paper is given in the following Theorem.

Theorem 3.1. Consider the system of SDEs (2.1) and suppose for all i € {1,--- N}
that

(1) the parameter a; is non-negative and the mean-field function b; : R, x RY — R is
non-negative, increasing and Lipschitz continuous in each of its last N variables,

(2) the coefficients (i, g0, 9i,1, Nio, Ni1) satisfy Assumption 2.2 and 2.5.

Then (2.1) has a cadlag F-adapted solution (A}, --- ,AN)i>0, with X\ non-negative and
E[fOT N dt] < o0 for any T > 0.

Before proving the main result, we need the following technical key lemma on the
auxiliary one-dimensional SDE with a more general drift coefficient.

Lemma 3.2. Let T > 0. Consider the SDE

t t
Vi=Yota [ (-vods+ [ avaw,
e " : ) (3.1)
+// 01 (Yo, u) Ny (ds, du)—i—// g0 (Yo, u) No (ds, du) , £ € [0, T]
0 U, 0 Uy

where a >0 and b = (bt)te[o,T] s a non-negative F-adapted cadlag process. If Assumption
2.2 and 2.3 hold for the coefficients (o, go, g1, No, N1) in (3.1),, then, the above SDE has
a non-negative F-adapted calag solution Y = (Y2),e(0, 1)-

Note that in the above equation (3.1),, the symbol “b” is attached as a subscript to
its label in order to emphasize the dependence of the equation on the drift coefficient
process b. The process b could be replaced by some auxiliary processes in the following
and the subscript will be changed accordingly.

We now provide the proof of Theorem 3.1 on the existence of a strong solution to the
system of SDEs (2.1). The idea is to construct a sequence of approximating solutions
whose drift contains a piecewise conditional expectation with respect to the minimal of
all pre-determined drift processes. The previous lemma allows to prove the existence of
solutions for the approximating system. We then use monotone convergence to establish
that the limit processes solves our system of SDEs.

Proof. Without loss of generality, we show that the equation admits a solution (A}, - -+ , AN)
for t € [0,T], with A\ non-negative and E[fOT A\l dt] < +oo for a given T > 0. Then the
solution can be extended to R4 without difficulty.

Step 1. Construction of the approximating systems and monotonicity. For n € N,
we construct a partition 0 = ¢f < 7 < ... < t3,_; = T of [0, T] as follows: We start
with ¢} = 0 and ¢ = T and, for any integer n, define inductively tg;rl = 17 for all
j€{0,...,2" 1} and' tg]t_ll = (t7 +t7,,)/2 for all j € {0,.. .,2"71 —1}. Next, for each
i1€{1,2,...., N}, let A1 to be the solution to the SDE

. . t . t . .
ALt :/\f)—az-/ A;=1ds+/ oi(AohYaw!
0 0
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/ / gzl 11 dS du / / gzo Zo(dS du) (32)
U1 UO

which exists and is unique as shown in [9]. Then, having A" defined for some n > 1 and
alli € {1,2,..., N}, we define:

b= inf  bi(s, AL AET L AN (3.3)

selti b ]

and A" in [, 7] for any k € {0,1,...,2"~1 — 1} by solving the SDE

. . t . . t . -
AL = N g / (B [17] = xim 1) ds + / o (AL AW
F tn tn

t . B
+ / / gia (A w) Niy (ds, du) + / / gio (N1, ) Nig (ds, du)(3.4)
tz‘ Uy tn Up

for t € [t’kL, iy +1] which also has a solution by Lemma 3.2.

We will show now that for any n > 1 we have AY™™1 > AM" for all i e {1 2,...N}
and all ¢t € [0, T] by induction on n. For the initial case, , that is, Ab? > Ao we only
need to recall that E[b}"|Fs] > 0 since each b; in (3.3) is a non-negative function, and
then use the comparison theorem from [10]. Suppose now that for some n > 1 we have
AP S B for all i € {1,2,..., N} and t € [0, T]. Then, by the monotonicity of each b;
we have

in+l . ) 1,n+1 2,n+1 N,n+1
by, = nglfﬂ+1 bi(s, Ay AT A )
SE[tQk 7t2k+1]
1 17 27 N7
> inf bi(s, Ay, AD™, oy AT

selt ]

> inf bi(s, AL, A2n o ANm)
s€ [tQ,th%iU
= e[ti“f bi(s, AL, A2, L AN = b (3.5)
k+1
forn>1,allie€ {1,2,..,N}and all k € {0,1,...,2"~1 — 1}, and also
b;/?:f = n-l—liﬂf n+1 bi(s’ )\;7”+17 A‘Z’n‘i'l, ey Aé\]7n+1)
[t2k+l t2k+2]
> inf bi(s, AL AZn o \Nm
el .
> ) 1n 2.n Nn
> [t"i?ftg,jjz} bi(s, Ay, AS™ o AT
N 3
=t B A A = (3.6)
ko k1
forn > 1, all i € {1,2,...,N} and all & € {0,1,...,2"7" — 1}. We will use these two

1nequahtles to show that A" > X" for all i € {1 2,..,N} and t € [0, T]. This is
done by applying a second induction as follows: For t € [tg“, " =10, 7T C [0, 7]
we have

A= AR g / (B [55"17] = i 2) ds + / o (AL AW
0 0

6



t ) t ) -
+/ / gi,1 ()\;’ZJFQ, u) Ni71 (dS, du) —l-/ / 9i,0 ()\?EJFQ, ’LL) Ni,O (dS, du) (37)
0 JUy 0 JUy

and

Nl el /t (B [55"17:] = Aiw) ds + / o
0 0

t . t . -
+/ / gi1 (A;’fH, U) N;1 (ds, du) + / 9i,0 (AQ’EH, u) Nio (ds, du)
0 JUy 0 JUy
(3.8)

and since E[bé’”“]fs] > E[bé’"|]—"s] (by taking conditional expectations in (3.5) for k =0
and n replaced by n + 1) the comparison theorem implies that A" > Xo"1 for all
t € [tg“, t?“] = [0, tTf'H] . Suppose now that for some k' € {0,1,...,2" — 1} we
have A" = Xp" for all + € [tpt!, ¢ = [0, #7F!]. Then for &' = 2k with k €

{0,1,...,2"71 — 1} we have ;"' = 7 and tZ,Jfl = (t} +1t3,1)/2, while for ' = 2k +1 with

k€ {0,1,..,2"71 — 1} we have t};M! = (17 + tr,1)/2 and tZ,Jfl =t 1, so in both cases it
holds that ¢}, tzté] C [ty, ¢}, ] and for any t € [t};" ! tz,fl] we have both

, t . . t ; ;
N = TR 4 / » (E [bﬁf“\fs} — AZ’"”) ds + / (AW
. n t

K tk/ n+1
t
; 2
+/ / 9i,1 ()\ls’iwr , U) Ni,l (ds, du)
tZ/+1 Uy

1’
t ‘ ~
[ o (N ) i (s, ) (3.9)
tZ/H Uo

and

A t X ) t . )
AL = L g / (B [E] = Ay as + /t iAW

W t i
t i,n+1
+/ / gi,1 (AS, , U) Ni 1 (ds, du)
tut
t . N
+ / / g0 (Ai’f“, u) Nio (ds, du) (3.10)
tZ/H Uo

with E [b;’fﬂrl\fs} > E [bi’n\Fs} (by taking expectations given Fy in (3.5) and (3.6)).

Thus, the comparison theorem implies that )\;’HH > )\i’nﬂ for allt € [tZ,Jr L tz,ill], which
means that the same inequality holds for all ¢ € [tg“, tZ,fl] = [0, tg,fl] . This completes

the second induction and gives A;"* > A" for all ¢ € [0, T, and the last completes
the initial induction giving AL > AP" for all ¢ € [0, T] and all n > 1.

Step 2. Finiteness of the monotone limits. We have shown in the previous step that
the family of processes {A;’n}te[o,T} is pointwise increasing in n, we will show that almost

surely, lim A" is finite for almost all ¢ € [0, T] and every i € {1, 2, ..., N}. This will
n—> 400 t
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follow by Fatou’s lemma if we can show that
T .
sup E [/ )\i’ndt] (3.11)
1<i<N 0

is bounded in n € N. For the last, we recall that by the Lipschitz property of each b;,
there exist constants B, L > 0 such that

N
bi (5, AV, A2, L AT S B LY A (3.12)

i=1
for every i € {1, 2, ..., N}, so taking infimum on the LHS for s € [t}g, tzﬂ] and then

conditioning on F,; we obtain
. N .
E [b;" | fs} <B+LY A" (3.13)
i=1

for all s € [tz, tZH} and i € {1, 2, ..., N}. Plugging the above in (3.4), localizing if
needed, taking expectations and then supremum in ¢ and finally using (2.5), we can
easily get

sup E {)\i’nﬂ} < sup E {)\%?H} + aB(t—t})+alLN sup E [A\)"] ds

1<i<N 1<i<N tn 1<i<N
¢
+ K sup E[AJ"] +1 ) ds (3.14)
tn \1<i<N
for @ :== sup a;, which can be written as
1<i<N

swp E[N] < s B 4 Be-)+r [ s B ds
1<i<N 1<i<N n 1<i<N

(3.15)

for B’ = aB + K and L' = aLN + K, so replacing k with &’ < k and taking t = ¢}, | we
get also
sup E |:/\i’7?+1} < sup E {)\ifﬂ}
1<i<N k41 1<i<N k!
Iian n / tZ,+1 7,n
+ B (tr 1 —ty) + L sup E [\)"] ds. (3.16)

tn,  1<i<N

Summing (3.15) with (3.16) for &’ € {0, 1, ..., k — 1} we obtain

. . t .
sup E {)\i’nﬂ} < sup E[N] +B't+ L// sup E [A"] ds (3.17)
1<i<N 1<i<N 0 1<i<N

and since k was arbitrary, the above holds for any ¢ € [0, T]. Take now a constant M > 0

such that sup E [)\i’l} < M for all t € [0, T, which is possible by recalling the estimate
1<i<N

(2.5). Then, provided that M is large enough, we will show by induction on n that

swp E [)\i’"} < Melt (3.18)
A



for all n € N and ¢ € [0, T]. The base case is trivial, and if M is large enough such that

M > sup E[N]+ B'T, plugging sup E[X:"] < Me® in (3.17) we find that
1<i<N 1<i<N

. . t !
sup E [)\fﬁnﬂ] < sup E [)\6] + Bt + L’M/ el'sds
1<i<N 1<i<N 0
= sup E[N]+Bt+ Mt — M < Ml (3.19)
1<i<N

which completes the induction. Integrating then (3.18) for ¢ € [0, T'] we obtain the desired
boundedness.

Step 3. Limit processes as solution to the system (2.1) and positivity. Now that we

have the pointwise monotone convergence of {)\i’"}te[o - to a finite process {)\,’5} te[0, 7]

for all i € {1, 2, ..., N}, we will show that these limiting processes solve our system of
SDEs. The first step is to fix an i € {1, 2, ..., N}, and for each n € N and s € [0, T

take k,(s) € {1, 2, ..., 2%t — 1} such that s € [t’gn(s), th(5)+1]' Obviously, if we take
Sn € [tzn(s), th(S)H for all n € N, we will have s,, — s as n — 400 since |s,, — s| <

\tzn(s) — tzn(s)+1’ — O (27™). Taking s € D with D denoting the set of points where A"
is continuous for all j and n, for an arbitrary € > 0 we have

bi(my AL A2, o AN — e SB”  <bils, AL AR, L A (3.20)

(s)

for some s, € [tzn(s), th (s) (by the definition of infimum). For an m € N, recalling

+1
the pointwise monotonicity of each A" in n € N and the monotonicity of each mean-field
function b; in each of its arguments, the previous double inequality easily gives

bi(smy AL, AT o A — e < BT < bi(s, AV AT L AN (3.21)

(s)
for all n > m. Since s € D, taking n — +00 in the above and recalling that each b; is
continuous, we obtain

1 2 N s i : iy 1 2 N
bi(s, AL A2 ANy e < Tlfﬂ?ofo bprsy < }llis_i}lopo bprs) < il Agy Ay s AY)

(3.22)
Taking now m — +o00 we get
1 42 N s 1,n : i,n 1 42 N
bi(s, Agy A5, <oy Ay ) —€ < %ﬂﬂ?ogbkn(S) < }ngs—tlopobk"(s) < bi(s, Ay, ALy ooy A ).
(3.23)
and since € > 0 was arbitrary, the above implies that lim b = bi(s, )\;, )\g, . )\iv ),

n—s+oo kn(s)
where the convergence is obviously monotone. Next, for any ¢ € [0, T, recalling (3.4)

and that for all k € {1, 2, ..., 2”1 — 1} we have k = ky(s) for all s € [t}, t} ], for any
i€ {l,2, .., N} we can write

)\i,n—&—l _ 6+ A;gz—l—l - )\i;ln—&—l + )\;,n—l—l N )\z,n—i-l
k

n
tkn(t)



- e Z /t B o 7] - Xt ds
+a; /t: ( [ o (5) |.7:] )\i’""'l) ds

kn (t)
kn()=1  4n .
r i,n+1 i i,n+1 i
+ Z >\ )dW i()‘s’ )dWs
k=0 71 e (8)
fn () —1

+ /Hl/ gzl )\”H_l ) i1 (ds, du)
0 t’rL U1
/ / i A“"”“ )NM (ds, du)
" U,

kn (t)
kn(t)—1

k‘+1 . ~

+ / /gi,O <)\é’f+1,u) Ni,O(dsy du)

k=0 ‘% Uo
t ~
"’/ /gz‘,o /\mJrl >N (ds, du)
t?nm Yo
zn+1
/ / gix (X ) Ni1 (ds, du)
Uy

+/ / gi70 )\Z;:H‘l’ ’LL) N’AO (d87 dU)
0 JUy
(3.24)

and taking n — 400 in the above for all 7 we derive the desired system of SDEs satisfied
by the limiting processes {A’: i € {1, 2, ..., N}}. Indeed, since [0, T] /D is obviously a
countable random subset of [0, T'], the monotone convergence theorem gives

[ (Eizim] -y as - / i) s — [ aiias
’ 0

t .
— / (s, ALy A2, o, A1) ds/ Nds
0
= / (bi(s, AL A2 AY) = AD) ds, (3.25)
0

and then we have

tAT™ tAT™ ) )
sup| / (ALY awi — / o; (A) dWi
0

te[OT
:EK sup | /OW (s (1) = 0 (33)) @] )|

t€[0, T
TAT™
<CE[ [ (o) — o (1)) s
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and for j € {0,1} also

tAT™
sup ‘/ / Gij A“f“,u) Ni j (ds, du)
tG[O T)
/MT /gm (X _, u) Nij (ds, du)’)z}
“=( [ (o (527 ) o u)m (a0
< CE| /0 n /U (915 (Agvyl,u)_gm (AL ,u))Qm,j (du) ds|
J

by the Burkholder-Davis-Gundy inequality (see [4]), with the sequence {77}, _ of stop-
ping times selected as in the proof of Lemma 3.2 to ensure that the RHS in the last
two estimates is finite for all n € N, and these RHS tending to zero by the monotone
pointwise convergence of A" to A\’, the continuity of o; and gij, the monotonicity or
boundedness of these functions and the corresponding convergence theorem. Finally, a
similar argument shows that

tAT™ . 1 tAT™ .
/ / g1 ()\15’7_1Jr , u) wi (du) ds — / / 9i1 ()\;_, u) pi1 (du)ds  (3.26)
0 U, 0 Uy

surely for all t € [0, T| as n — 400, and combining this with the previous convergence
result for the integral with respect to N; 1 we deduce that almost surely we have

tAT™ tAT™
/ / g1 ;il-‘rl’ )Ni 1 (ds, du) — / / gi1 (/\g_, u) N; 1 (ds, du) (3.27)
Ul ) 0 Ul ) )

as n —» 4oo for any t € [0, T]. The desired system of SDEs is obtained by observing
that almost surely we have t = t A 7" for large enough m The proof is now complete
since for every i and all ¢ > 0 we have almost surely \i > )\1 with Ay belng non-negative
in the one-dimensional case, and since we can integrate (3.18) and use Fatou’s lemma to
deduce that \' is L! - integrable for each 1. O

Remark 3.3. Observe that the Lipschitz continuity of each b; is only used to obtain
the inequality (3.12), which leads then to the almost surely upper boundedness of the
pointwise increasing sequence of processes and thus to the existence of a finite limit. It
would suffice to have any condition on the b; that can imply an inequality of the form
(3.12) (e.g simple boundedness), or lead to the same uniform upper boundedness in a
different way.

We finally show that the solution to our multi-dimensional system is unique by fol-
lowing ideas in [9].

Theorem 3.4 (Pathwise Uniqueness). There is at most one solution ()\,1, A2 /\N) to
the system of equations (2.1).

Proof. Suppose that that there exist two different solutions ()\1 ! /\12 s A.l’N) and
()\.2’1, A2 )\.Q’N) to the system (2.1). Let X = A" — A** for each i € {1, 2, ..., N}.
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The idea is to show that each \! is identically zero for each equation. So for each m € N,
we need to construct, similar as for Theorem 3.1 in [9], a sequence {¢m k} oy of non-
negative, twice continuously differentiable functions satisfying:

1. ¢mi(r) — |x| increasingly as k — +o0.
2.0< ¢ (x)<1forz>0and —1< ¢/ ,(x) <0 forz <O0.
3. ¢ (z) >0forall z € R.

4. As k — 400 we have the following two convergences for all i € {1, 2, ..., N},
uniformly in 0 <z, y < m:

(a)
o w(@ =) [oi(z) — 0i(y)]> — 0
(b)

- Dgi,o(u’v7U)—gi,o(y,u)¢m,k(x - Z/),Uz',o(du) — 0
0

where D, f(z) :== f(z + 2) — f(z) — zf'(x) for any z,z € R and any function
f defined on a domain containing x, x + z and differentiable at z.

The construction of the above sequence of functions is similar to that in the proof of

Theorem 3.2 in [9]. First, we set ap = 1 and for each k > 1 we take 0 < ap < ag_1

such that f =1 min § -+, - ¢ dx = k. Next, for each k, we take a smooth function
ak p2(x)’ P (2)

& — Y k(x) supported in (ag, ax—1) such that:

oswm,k(@simin{ CH— } (3.28)

with f;:‘l Ym k(x)dz = 1, and we define

lz|  pry
bri(z) = /0 /O () de (3.29)

for all z € R. The difference compared to the construction in [9] is that pQ#(x) is replaced

by min {p%(x), ﬁ(@}, but it can be verified in the same way that the functions ¢,, ; are

non-negative, twice continuously differentiable, and satisfy the the first three of the four
required properties. O

4 Appendix: proof of Lemma 3.2

We finally provide the proof of the technical key lemma. The idea is to approximate the
drift coefficient b from below by a pointwise increasing sequence of adapted, piecewise
constant processes, and use the comparison theorem from Gal’chuk [10], together with
the monotone convergence theorem.
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Proof. Step 1: Discretization in time of the process b. For each n € N we define ¢ = 0,
by = bp — -, and recursively for £ € N:

1 1
1
b?:bt}i_ﬁ’ te [th, tiy)-

Obviously, we have b < b for all ¢ € [0, 7] and n € N. We also define b = 0 and
by = max{b* : 0 < m < n} for all 0 <t < T. By definition, for any fixed positive integer
n and w € Q, t}(w) is increasing in k. We have in addition the following assertion.

Claim A. For any w € , one has t}'(w) = T for sufficiently large k.

Proof of the Claim A. We prove by contradiction. Suppose that ¢}!(w) takes infinitely
many values, then

. 1
Fa(@) = inf{ > 0)  byo(e) — - > ()
for all large enough k. By the right continuity of the process b, we also have

1
th(w) (W) - — > btn
for all such k. Moreover, ¢} (w) increase to a finite limit ¢"(w) as k — 400, and since the
function t — b;(w) has a left limit £"(w) at t"(w), we have
M(w) = lim by, (w y(w) < Hm by (w) — 1 =0"(w) — E
k——+o00 T k=400 v n n
which is a contradiction. Therefore, t}!(w) only takes finitely many values in [0,7"] when
k varies. In particular, there exists ¢"(w) € [0,7] and ko € N such that t}(w) = ¢"(w)
for any k£ € N with k& > ko. Note that ¢"(w) should equal T since otherwise by the
right continuity of the process b we would have t}. | (w) >t (w), which leads again to a
contradiction. O

Step 2. Resolution of the equation with discretized drift coefficients. Note that ¢} is
a stopping time for each n and each k, and if we define ¢} to be the kth smallest element
of the set {t;" : k € N,m € {1,2,...,n}}, then for any n, {}}ren is an increasing
sequence of stopping times, with b}' being constant on each stochastic interval of the form
[ti; ti1[. Moreover, we obtain by Claim A that, for each fixed w € , #}}(w) = T for all
large enough k. Assuming that we can find a non-negative semimartingale (Ytn)te[[o,fg]]
satisfying the SDE

t t
Y=Yy + a/ (bp —YJ)ds +/ o(Y])dWs
0

//Ulgl u) Ny (ds, du) + //Uogo (Y, u) No (ds, du)
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on the stochastic interval [0, #}'], we claim that we can extend the solution to the stochastic
interval [0,#;,,]. Indeed, we only need to find a non-negative solution to the SDE

t
Y = Y“ + a/ (b2 —Y)ds —|—/ o(YS)dW

t_n

// 91 Nl(ds du) + //go Yn )No(ds du)
ty JU1 iy JUo

m o : - ; m n m o jpn
on [}, 7 ] given Fip, in which case ty, YEZ and by = by, > 0 are known constants and

(4.3)

th ., is a stopping time. This is possible by recalling the results of [9] to solve

t

t
Y =YE 4 / (’ Y”) ds + / o (Y dW,
tn
/ / g1 Y" N1 ds, du) + / / go Y” No (ds, du)
tn Uy tn Up

on Jt7, T given ftn and then stopping at time ¢! 41+ This inductive argument defines a
non-negative cadlag semimartingale Y which solves the equation (3.1);. on [0,7]. By
construction we have b; > E?H > 5,? >0 for all t € [0, T] and n € N. Therefore, by the
comparison theorem from Gal’chuk [10, Theorem 1], we have Y;"™! > Y;» for all ¢ € [0, T]
and n € N.

(4.4)

Step 3. Convergence of the drift coefficients and associated solutions. We begin with
the following claim.

Claim B. The sequence (Y"),en defined in Step 2 converges pointwise from below to
an F-adapted process Y.

Proof of Claim B. We first show that the sequence is pointwisely bounded from above.
For this purpose, we apply the construction of Step 1 to the process —b as follows. We
define sy = 0, bg = by + 1, and recursively on k € N,

Sk41 = inf{t > Sk - bsk +1< bt} A (Sk + 1) NT,
Bt:bsk +1, te [[Sk,sk+1[[.

By definition, one has by > by for all ¢ € [0, 1]. Similarly to Claim A, for any fixed w € €,
sk(w) is increasing in k and sy (w) = T for sufficiently large k. By the same argument as in
Step 2, we obtain that the equation (3.1); admits a solution, which we denote by Y. Still
by the comparison theorem of [10], we deduce from the relations b>b>b"t > >0
the inequalities Y; > Y™ > ¥* > 0 for all t € [0, T] and n € N. Therefore, the sequence
(Y"™)nen,n>1 converges pointwise to a limite process Y, which is clearly F-adapted. [

We now show that, for any w € €2, and any point of continuity ¢ of the function
s+ bs(w), the sequence b} (w) converges from below to b (w) as n — +oo. Indeed, for
any any positive integer n, there exists a k(n) € N such that t € [[t’,;‘(n) (w),tz(n)ﬂ(w)[[
and thus

(4.5)

= B < a1 ) — By @)] <
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which means that ¢} ,(w) — ¢ from below as n — 4-00. Hence, by the continuity of b.(w)
at t and the definition of b”, we have

1
by (w) = btn(n)(w)( w) — . bi(w) as n — +oo.

Recalling then that b;(w) > b (w) > b (w) for all n € N, we deduce that b} (w) — by(w)
as n — +o00.

Step 4. Resolution of the initial equation. Finally, we will show that a cadlag version
of the process Y solves (3.1) in [0, 7] by taking n — 400 on (4.2) and by exploiting the

convergence results we have just obtained. For s € [0,7], we denote by Y;_ the limit of
the increasing sequence (Y, ),en, . First, we recall the monotone convergence theorem

which gives
t t t
/ (b —Y)ds = /b?ds—/ Y.'ds
0 0 0

¢ ¢ ¢
— / bsds — / Y.ds = / (bs — Ys)ds (4.6)
0 0 0

asn — 400, for any t € [0, T']. Next, for every n € N, we consider a sequence {7 },,en

of F-stopping times such that lim 7™" = 400 and also

m—>400
TATT
[ e -amyas<m,
0
TATT )
[ ] a0~ o0 (e w) o @u)ds < m,
0 Uy
TATTT )
/ / (91 (Y;l, u) — g1 (Ys_, u)) w1 (du)ds <m (4.7)
0 o]
and

TAT™™
/ /U 1 (Y7, ) — g1 (Y, )| s (dus) ds < m (4.8)

for each m € N. Since Y is increasing in n, by the monotonicity of gg and Assumption 2.3,
we can choose, for each m € N, the F-stopping times 7" = 7™ to be independent of n.
Then, by using the Burkholder-Davis-Gundy inequality (see [4]) we have

teSng] ‘ /MT (¥ dWa = /MT Ws )2]
=[( s [ 7 (V) dIY, )2} <ou[[" oo - o mpas

where we can recall the continuity of ¢ and either the monotone convergence theorem or
the dominated convergence theorem (depending on whether o is bounded or increasing)
to deduce that the RHS tends to zero as n — +oo. Next, writing Ny (ds,du) for the
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compensated measure Nj (ds,du) — p1 (du)ds, where p (du)ds is the compensator of
Nj (ds,du), by using the Burkholder-Davis-Gundy inequality once more we have

tAT™ tAT™
sup ‘/ / gl Y" N1 ds, du) / / g1 (Ye_, u) Ny (ds, du)D ]
tGOT] Ui Uy

sup ‘/MT /U1 91 Y” g1 (Ys_, u)) Ny (ds, du) DQ}

tGOT]

< CE /TATm /111 91 ( ) — g1 (Yar, w)* 11 (du) ds}

where the quantity (91 (Y;‘_, u) — g1 (Ys—, u))2 is either monotone or bounded by 4G? (u),
with the last being integrable due to (2.8), so by monotone or dominated convergence and
by the continuity of g1, the RHS of the above tends also to zero as n — +o00. Moreover,
by a similar argument we have always

/MT /U1 g1 ) p1 (du) ds — /MT /Ul g1 (Ys—, u) p1 (du) ds (4.9)

for all ¢t € [0, T] as n — 400, and combining this with the previous convergence result
we deduce that almost surely we have

tAT™ tAT™
/ / g1 ( u) Ny (ds, du) —)/ / g1 (Ys—, u) Ny (ds, du) (4.10)
U1 Ul

for all ¢ € [0, T] (in a subsequence). Finally, using the Burkholder-Davis-Gundy inequal-
ity and the monotone convergence theorem as we did for the integral with respect to
Nj (ds, du), we find that

tAT™ tAT™
( sup / / 90 Y” NO (ds, du) / / 9o (Ys_, N(] (ds, du)
tE[O T Uy Up

tends also to zero as n — +oo. It follows that almost surely, we can take limits on both
sides of (4.2) and obtain (3.1) when ¢ is replaced by ¢ A 7, for any t € [0, T]. Then, we
can finish the proof by letting m — 4oc0. O
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