ESAIM: PROCEEDINGS AND SURVEYS

TRADING AGAINST DISORDERLY LIQUIDATION OF A LARGE POSITION
UNDER ASYMMETRIC INFORMATION AND MARKET IMPACT

CAROLINE HILLAIRET!, Copy HYNDMAN?2, YING JIAO?® AND RENJIE WANG?2

Abstract. We consider trading against a hedge fund or large trader that must liquidate a large
position in a risky asset if the market price of the asset crosses a certain threshold. Liquidation
occurs in a disorderly manner and negatively impacts the market price of the asset. We consider
the perspective of small investors whose trades do not induce market impact and who possess different
levels of information about the liquidation trigger mechanism and the market impact. We classify these
market participants into three types: fully informed, partially informed and uninformed investors. We
consider the portfolio optimization problems and compare the optimal trading and wealth processes
for the three classes of investors theoretically and by numerical illustrations.

INTRODUCTION

There is a large literature on insider trading, asymmetric information, and market manipulation trading
strategies including seminal works by [2,7,15,16,21]. These works generally assume that an insider is attempting
to influence a price by, or profit from, the release of potentially false information known to the insider. These
studies also generally break market participants into noise traders, standard informational traders, and informed
traders. The existence of arbitrage strategies, price equilibrium, or specific market manipulation strategies are
the primary concerns of these early works. Other papers dealing with insider information which quantify the
value of insider information through the maximization of agents wealth or utility include [4,5,10,11].

More recently liquidity modeling has become an intense area of study. Market micro-structure and limit
order books present one approach to modelling liquidity based on trading mechanisms. Models that specify the
price impact of trades as exogenously determined and depending on the size of transactions constitute another
strand of the literature. Both approaches treat problems associated with the fact that trading large positions
impacts market prices. A good overview of liquidity models can be found in [14]. The modeling of market
micro-structure and the optimal liquidation of large positions has also been studied extensively and an overview
of these topics can be found in [1]. To the best of our knowledge, among works dealing with asymmetric
information, only few papers concern the market impact of liquidation risk. In particular, [6] studies optimal
liquidation problems of an insider.

In contrast to the existing literature we are concerned with disorderly, rather than optimal, liquidation and
the point of view of market participants other than the large trader or hedge fund liquidating the position. In
particular, we are interested in the following question: is it possible for a market participant to profit from
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the knowledge that another market participant, with large positions in a stock or derivative, will be forced
to liquidate some or all of its position if the price crosses a certain threshold? There is ample evidence from
financial markets concerning the importance of liquidity risks. For example, consider a hedge fund with a large
position in natural gas futures contracts, such as Amaranth Advisors LLC in 2006, and macro-economic or
weather events contribute to an unexpected adverse change in the price. In this case the fund may be forced
to unwind its positions in a disorderly fashion, which would have a further market impact on the price. Other
examples include the case of Long Term Capital Management L.P. (LTCM) in 1998 and numerous firms during
the financial crisis of 2007-2008.

We assume that liquidation occurs immediately when the market price hits the liquidation trigger level and
has a temporary impact on the asset price, whereby the market price is depressed away from the fundamental
value, and gradually dissipates. We model the temporary market impact by a function with parameters that
control the impact speed and magnitude. Other market participants may have different levels of information
about the liquidation trigger mechanism and the liquidation impact. We aim to find the optimal trading
strategy that maximizes an investor’s terminal utility of wealth under different types of information that are
accessible to particular market participants. In the standard information case an uninformed market participant
is not aware of the liquidation trigger mechanism. They believe and act, erroneously when liquidation occurs,
as if the market price is equal to the fundamental asset price. In the partial information case an insider or
informed market participant knows the level at which the hedge fund will be forced to liquidate the position
but does not have information about the liquidation volume which determines the price impact. In the full
information case the insider has complete information about the liquidation threshold and the price impact.
Certain market participants may have access to this type of information owing to their position, counter-party
status, technology, or knowledge of the market. The fully informed investor’s perfect information represents one
extreme which may be unobtainable in practice. However, we shall show numerically in the power-utility case
that the optimal strategy for the partially informed investor is quite close to that of the fully informed investor.

The remainder of the paper is organized as follows. Section 1 sets up the framework of our model. Section 2
solves the portfolio optimization problem for a fully informed investor and gives the explicit expression of the
optimal expected utility in case of log utility. Sections 3 and 4 explore the optimization problems for uninformed
and partially informed investors, respectively. Section 5 presents some numerical results. Section 6 concludes
and an appendix contains technical results and proofs.

1. THE MARKET MODEL

1.1. Asset price and liquidation impact

Fix a probability space (2,2, P) equipped with a reference filtration F = (F;)¢>0 satisfying the usual condi-
tions, with (W, ¢t > 0) an (F, P)-Brownian motion. Let T' > 0 be a finite horizon time. In our model, we assume
that market participants may invest in a riskless asset and a risky asset. Without loss of generality we suppose
that the interest rate of the riskless asset is zero. The fundamental value of the risky asset is modelled by a
Black-Scholes diffusion:

dSt = St(ﬂdt + O'th), 0 <t< T'7 (1)

where p and o are supposed to be constants, and o > 0.

We consider a hedge fund which holds a large long position in the risky asset over the investment horizon
[0,7]. In normal circumstances, this position could be held until time 7. However, according to risk man-
agement policies, exchange rules, or regulatory requirements, the long position must be liquidated in certain
circumstances. In this paper, we assume that the liquidation will be triggered when the market price of the
risky asset passes below a pre-determined level. Before liquidation, the market price, denoted by SM | is equal
to the fundamental value S. So the liquidation time 7 is defined as the first passage time of a fixed constant
threshold oSy where « € (0,1), by the market price process SM, i.e.,

7:=inf{t > 0,SM < aSy} = inf{t > 0,5, < aSy} (2)
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with the convention inf @ = co. We note that 7 is an F-stopping time. In the simplest case the scenario
described corresponds to a margin call that cannot be covered resulting in the liquidation, in full or in part, of
the position.

The market price of the risky asset will be influenced by liquidation. Since the number of shares of the risky
asset to be sold is very large in comparison to the average volume traded in a short time period, immediate
liquidation would have a temporary impact on the market price which would be driven down away from the
fundamental price after liquidation. We denote by S} (u) the market price of the risky asset at time ¢ after the
liquidation time 7 = u. Suppose that it is given as

SHu) =gt —u;0,K)S;, u<t<T. (3)

where ¢ is an impact function and © and K are parameters which will be made precise later. We note that
the mathematical characterization of market impact is a very complicated problem, and we refer the interested
reader to [20] for details. In this paper, inspired by [22], we characterize the temporary influence of liquidation
on market by the impact function g of the form

9t6,K) =1~ %61’é

(4)
where © and K are positive parameters with © controlling the speed of the market impact and K representing
the magnitude of the market impact. In particular, we assume that © is a positive random variable and K is a
random variable valued in [0, 1], both of which are independent of F and with joint probability density function
p(--), l.e. P(O© €df, K € dk) = p(0, k)dodk.

Figure 1 illustrates the impact function (4) with K = 0.1 and two different realized values of ©. Clearly the
shape of the impact function with © = 0.05 is steeper than with ©® = 0.1. We note that for each fixed scenario
w, the function g attains its minimum value 1 — K(w) at ¢ = ©(w). Also, we observe that the function g first
declines from 1 and then rises back and converges to 1, which characterizes the market impact of liquidation
with time evolution. For realized values K = 0.1 and © = 0.1 it would take 0.1 year, which is approximately
25 trading days, for the asset price to reach the minimum value (1 — K) * Sy after liquidation occurs. The
market impact in the first trading day after liquidation is 1 — g(zlﬁ; 0.1,0.1) = 1%. Therefore, the parameter ©
needs to be small to more accurately reflect the impact of disorderly liquidation. In Section 5 we present some
numerical results which use a rather large © that guarantees better accuracy of the numerical results, but these
could be improved by applying other numerical techniques for smaller values of O.
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Remark 1.1. It is natural to consider a jump effect for the price impact of liquidation. In our model, by (3), the
price before and just after liquidation satisfies the relation S/ (t) = S;. However, we can approximate downward
jumps of asset prices after liquidation by choosing small values of © in the smooth function g. Further, our model
allows us to consider the situation that liquidation by the large trader may have no long-term informational
content. The temporary impact on the market price decays as liquidity providers return to the market and
other market participants realize that there may be no information about the fundamental value of the risky
asset conveyed by the hedge fund’s disorderly liquidation.

A possible extension is to consider a modified impact function with additional parameters and flexibility. For
example, let

l_m%&)telf@% 0<t<©,
01,09, K1, K>) = ! 5 Hoese - | ’
9(t;01,02, K1, K3) I_Kl_%;fonelf%ﬁ 0 <t. ?

The impact function given by (5) incorporates both permanent and temporary market impacts with K; and
K5 controlling the magnitude of permanent and temporary market impacts respectively. The parameters O
and ©2 determine both the deviation and reversal speed (see Figure 2). Moreover, at long-term time scale, the
impact function can come back to a different level other than 1. For simplicity, we will use the impact function
given by (4) in this paper and suppose the parameters © and K to be random variables.

Considering the market price of the asset to be equal to the fundamental value before the liquidation time 7
and to be the impacted asset price after liquidation, we have that the market price is given as

Sf]w = 1{0§t<7’/\T}St + 1{7—/\T§t§T}StI(T)

where S; and S{(7) are given by (1) and (3) respectively. Moreover, for any u > 0, the dynamics of the process
S (u) satisfies the SDE

dS{(u) = S{ (u) (i (v, 0, K)dt + cdW;), u<t<T

where
gt —u;0,K)

I
K="+ """1 7
He (1, ©, K) g(t —u;0, K)

+ .

Remark 1.2. The process (S{(u),t > u) is adapted with respect to the filtration F V o(©, K) which is the
initial enlargement of F by the random variables (0, K). As we suppose o(0, K) is independent of F,, the
(F,P)-Brownian motion W is also a (F V (0, K), P)-Brownian motion (see e.g. [17, Section 5.9].)

Thus the market price process of the risky asset, denoted as S™ = (SM,t > 0), satisfies the SDE
dSM = SM (u}' (0, K)dt + odW;) (6)

where
p{”(@, K)= 1{0§t<7—/\T}N + 1{7—/\T§t§T};U'tI(T7 6,K). (7)

We note that the market price admits a regime change at the liquidation time 7, in particular on the drift term.
We give an illustrative example as below.

Example 1.3. Suppose that the fundamental value process (1) is given by the Black-Scholes model with
parameters S} = 80, = 0.07,0 = 0.2, = 0.9,0 = 0.1, K = 0.1. Figure 3 shows that liquidation triggers
a downward jump of the drift term. Afterward the drift term first rises quickly and then declines gradually
back to the original drift term. Correspondingly, Figure 4 shows the sample market price processes of the asset
subject to liquidation impact compared with the fundamental value process.
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1.2. The optimal investment problem

Our objective is to consider the optimal investment problem from the perspective of investors who trade in
the market for the risky asset subject to price impact from disorderly liquidation of the hedge fund’s position.
For simplicity we assume these agents may trade in the market for the risky asset without transaction costs.
We consider fully informed investors, partially informed investors and uninformed investors. We suppose that
all investors have access to the market price of the risky asset S™ but their knowledge of the liquidation and
price impact are different. We further assume that all the investors know the values of the parameters p and o.

Fully informed investors observe the market price and are assumed to have complete knowledge of the mech-
anism of liquidation and the price impact function. Hence they know, in mathematical terms, the liquidation
trigger level «, the impact function g, and the values of the random variables © and K when liquidation oc-
curs. Therefore, fully informed investors have complete knowledge of the dynamics of the market price process,
together with the information of the price impact.

Partially informed investors are also able to observe the market price and know the liquidation trigger level
«, therefore, the liquidation time 7 is also observable for them. However, partially informed investors do not
have complete information about the price impact function. We suppose the partially informed investors know
the functional form of the price impact function g. However, we assume the partially informed investors only
know the distributions of © and K but not the realized value that is necessary to have full knowledge of the
price impact of liquidation.

Uninformed investors are not aware of the liquidation trigger mechanism. They erroneously believe the
market price process follows the Black-Scholes dynamics (1) without price impact. Therefore, they behave
under incorrect assumptions, or a misspecification of the market model, which leads them to act like the
Merton investor. Considering such uninformed investors allows us to quantify the value of information about
the liquidation barrier and price impact, compared to a Merton-type investor.

We denote by FS = (F° )e>o0 the natural filtration generated by the market price process S*. Since the
market price coincides with the fundamental value process S before liquidation, the liquidation time 7, which
is an F-stopping time, is also an F¥-stopping time. We summarize the knowledge of the various investors in the
following assumption.

Assumption 1.4. All investors observe the market price of the risky asset and know the values of the parameters
u and o. In addition certain market participants possess additional information:

(i) The observable information for fully informed investors is modeled by the filtration

@ — FSvo(0,K) =F,Va(O,K),
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they further know the liquidation barrier o, as well as the form of the impact function g.
(i) The observable information for partially informed investors is modeled by the filtration

gt(l):]:ts>

they further know the liquidation barrier «, the form of the impact function g, and the distribution of
(6,K).

(iii) To compare with the above two types of insiders, we consider uninformed investors who act as
Merton-type investors, erroneously considering Black-Scholes dynamics with constant p over the entire
period [0, T]. They have no information about the liquidation mechanism. Further, they do not update
their knowledge of the drift process after T.

Remark 1.5. The common information to three types investors are represented by the “public” filtration F*
since the market price of the risky asset is observable to all investors. Assumption 1.4 implies that partially
informed investors know the the law of (0O, K). This is similar to the weak information case of [8].

The essential differences among these three types of investors lie in their knowledge on the drift term
M (0, K) defined in (7). Fully informed investors are able to completely observe the drift term. Partially
informed investors partially observe the drift term, corresponding to the case of partial observations consid-
ered by [19]. Partially informed investors may obtain an estimate of the drift term which is adapted to their
observation process using filtering theory. Uninformed investors do not have any information about the liqui-
dation mechanism and market impact which causes them to erroneously specify the drift term as pu. That is,
uninformed investors believe that the market prices follow the Black-Scholes dynamics (1). If the uninformed
investor treated the drift of (1) as an unobservable process he could perhaps apply filtering theory to improve
his investment decisions even without knowing anything about the liquidation mechanism or market impact
function. However, in this paper we shall only consider the case of Assumption 1.4, that is of uninformed
investors who estimate the drift at the beginning of the period and do not update it, since from their own view
point no liquidation event happened during the period [0,7]. The uninformed investors are mainly considered
as a benchmark for comparison with the Merton model.

We shall study the portfolio optimization problem for three types of investors in the remainder of this paper
under logarithmic and power utility.

2. FULLY INFORMED INVESTORS

Fully informed investors choose their trading strategy to adjust the portfolio of assets according to their
information accessibility. As discussed in Section 1 fully informed investors know the realized values of the
random variables © and K. The investment strategy is characterized by a G(?-predictable process 7() which
represents the proportion of wealth invested in the risky asset. The admissible strategy set A is a collection
of 7(2) such that, for any (0, k) € (0,+00) x (0,1),

T T
/ |7T,£2)Miv[(97k)|dt+/ |7rt(2)a\2dt < oo. (8)
0 0

The risk aversion of the investors is modeled by classic utility functions U defined on (0, 00) that are strictly
increasing, strictly concave, with continuous derivative U’(x) on (0, 00), and satisfying

lim U'(z) = +o0 lim U'(z) = 0.

z—0t T—00

We define the G -martingale measure Q by the likelihood process

= exp {— At 7”1])4(@’[() aw, — /Ot 7(%])4(2@’2[()) dv} . (9)

g g

_ @

Ly =
LT P

g
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As mentioned in Remark 1.2, W is a (G(2),P)-Brownian motion. By Girsanov’s theorem, the process W@

defined as
t M
K
W = W, +/ @dv (10)
0

is an (G(?, Q)-Brownian motion and the dynamics of the asset price S under Q may be written as
dSM = SMaaw 2.

By taking a strategy n2 € A®), the wealth process with initial endowment X, € g}f) evolves as

dx® = xPaP Mo, K)dt + odW,), 0<t<T (11)
that is
T
x® =X, + / Do SM AW, (12)
0
The fully informed investor’s objective is to maximize her expected utility of terminal wealth
Vi = s E|U(x)] (13)
T e A®)
or
V@(©,K):= esssup E [U (X§?>) |g(§2>} (14)

72 (0,K)eA®)

where 962) = (0, K). The link between the optimization problems (13) and (14) is given by [4]; if the supremum
in (14) is attained by some strategy in A, then the w-wise optimum is also a solution to (13).

As (0, K) is independent! of F, a martingale representation theorem holds for (G(Q),Q)—local martingale,
thus we adopt the standard "martingale approach" (see [18]) to solve the utility optimization problem (14). We
may consider the following static optimization problem

20 )

where V = {Xq(?) ‘Xq(?) = Xo + fOT 7r52)051{\4dWQ @ e A2 } The optimization problem (15) can be solved

v

by using the method of Lagrange multipliers (see [4, Proposition 4.5]). The optimal terminal wealth X:(Fz) is
given by
XP = 1(ALy), (16)

where I = (U’)~! and the g(()2)—measurable random variable A is determined by
E® | 1(AL1)| 65| = Xo. (17)
In order to find the optimal strategy 7(2) one should provide the dynamics of the optimal wealth process

£ - [£P167)] . (1)

1This assumption can be relaxed into a density Jacod hypothesis, using then the result of [3, Proposition 4.6] for a martingale
representation theorem.
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Since (Xt(Q))te[O’T] is a (G®,Q)-martingale, there exists a G(®)-adapted process .J such that

2P —EUXP| g1 + / g, (19)
0
Substituting (17) into (19) we have
X% =X, + / t J,dWE. (20)
Comparing (12) with (20), we obtain the optimal strat(;gy
. (2) Ji
X

Notice that the optimal strategy (ﬁ£2))t6[0,T] involves the process J which is implicitly determined by the
martingale representation as in (19). To obtain an explicit expression for the optimal strategy, we will consider
power and logarithmic utilities in the following subsections.

2.1. Power utility

P

We first consider the power utility U(z) = %, 0 < p < 1. Using the fact that I(z) = 2t/ (P=1) and by

(16)-(17) we obtain the optimal terminal wealth

AP = (L) (21)
E|(Lr)77 16§

where Ly is given by (9). The following proposition gives then the optimal expected utility as well as the
optimal strategy:

Proposition 2.1. For power utility U(z) = %, 0 < p <1, the optimal expected utility is

v, = S8 (& [(wn 7 67]) (22)

and the optimal strategy is given by

72 = Yocrarary it + Lppararcryi™”, €10, (23)
where
H

. (2,b) Iz Zi

- te0,7AT 24
i (1—P)02+0Ht’ €lor L 2

I

~(2,a) Hy (T7 6’ K)

S/ ANE A LLVA T,T 2
Ty (1-p)o2’ €[rAT.T] (25)

with (H, Z™) satisfying the following linear BSDE

T M 2 M T
p (1) (0,K)) pu(0,K) y "
H, =1 H, v Z - | z o 2
t +/t ( 20— 0t T a—pe ) / v (26)
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Proof. Following [9] we find the explicit expression for the optimal strategy, by computing the dynamics of the
optimal wealth process. Applying the abstract Bayes’ formula to (18), we obtain

(2 > (2 2
P B0 [£2167)

_ 1 alv@ 2)
_Lt]E[XT Lrg?]. (27)

Substituting (9) and (21) into (27) we have

5>(2) Xo
X7 = 21102
B[(Lz)?=7[Gy"' | Lt

T M T M 2
_ )p(O E [exp {/ Py, (@,K) de +/ p ('u’v (®7K)) d’U} |g£2)‘|
—1|Gy"| L, 0 0

E [(Lr)77 (6"

E[(L7)77|G5” (1-p)o 2(1 - p)o?
1 C LY POy By oy T GO0 Tp (0. 5)) e
_]E[(LT)ﬁlg@)] P{/t (- plo dWy—i-/t 21— p)o? d }gt

Defining

Hy = Elexp {/tT P OL) gy, /tT de} 97

the optimal wealth process writes as

- X
X = 2Ly 7 H,. (28)

Hy
In order to find the dynamics of (H¢)se[o, 17, We first remark that (M; := HyDy)epo,7) is a (G®), P)-martingale,

where
t. M t, (M 2
Py (0, K) Py (9, K))

Dy = exp {/ PRy 32 2) gy, 4 P A7 L 29
t o (-po 0 2AT-p)o? 29

By the martingale representation theorem there exists a G(®)-adapted process ZM such that
t
M; = My +/ M,zZMaw,.
0

From equation (29)

L[ (PEMO.K) pu(0.K) . pu(O,K)
i ){< 20— pPo?  2(l-p)o? >“

;) = u—madw&

Dy

which leads to the following dynamics for the process (Ht)te[o,T]

dm:m{G%W@KW WW@KW_WMQmﬁOﬁ+@NJWMMWWM}

2(1-p)202  2(1-p)o? (1-p)o (1-p)o

Denoting ZH .= H,ZM — % and using the terminal condition Hr = 1, (H¢)se[o, 1) satisfies the following
BSDE

T M K))2 M K T
_ p(py" (0, K)) piy' (0, K) g _/ H
H =1 —|—/t ( 20— p)2o? H, + 0=p)o Z,) | dv t Z; dW,,. (30)




10 ESAIM: PROCEEDINGS AND SURVEYS

Thus the dynamics of the optimal wealth process, using (28), are

M 2 M H M H
o) _ o [((1(0,K)"  uM(e,K)Z ~@ (1'(0.K) | Z
X7 =X X ot AT T ) W, 1
X, t ( (1 -p)o2 + oH,; dt + Xy (1-p)o + H, W (31)

that leads to the optimal strategy (by comparing (31) with (11))

MM(@,K)+ zH

~(2) _
e (1-p)o?  oH;

(32)

We decompose the time horizon [0, T into two random time intervals [0,7 AT[ and [7 AT, T]. On the random
interval [7 A T,T], the fully informed investor observes the drift term p* thus the BSDE (30) can be solved
explicitly on [r AT, T]:

2(1 — p)?0?
ZH =o0. (34)

1, — exp { / p(u(@K»d} | (33

Recalling (7) and using (33)-(34) we may decompose the optimal strategy in (32) into two parts:

R . (2,b ~ (2,0
7T§2) = 1{0§t<7‘/\T}7T§21 '+ 1{7/\T9ST}7T’52 :
where
H
~(2,b) I Zi
— , te[0,TATY,
t (1-p)o?2  oH; €lor :
I
~(2.0) M (1,0, K)
Yt AR A RekeA t AT, TJ.
7y (1 _p)O—Q , S [[7— ) ]]

O

The optimal strategy after liquidation in (25) is essentially a Merton-type strategy. The part before liqui-
dation in (24) is the sum of a Merton strategy and an extra component? which is determined by the solution
of the BSDE (26). It is hard to obtain a closed-form solution for the BSDE (26), however, we may solve the
BSDE (26) numerically which will be discussed in Section 5.

We next consider the case of logarithmic utility for the fully informed investor.

2.2. Logarithmic utility

In this section we consider the logarithmic utility U(z) = In(z). Using the fact that I(z) = L and by (16)-(17)
we obtain the optimal terminal wealth

X =20 (35)

where Lt is given by (9). The optimal expected utility is
Vi (0, K) = In(Xo) — E [In(Ly))].

2This extra term is called "hedging demand for parameter risk" by Bjérk et al. [9].
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Applying the abstract Bayes’ formula to (18) and using (35), we obtain

X2 50 [2{716!7]

:LitE (X121

_Xo
=7
whose dynamics is given by (9) as
X R M@, K))? M(Q, K o pM (0, K
o o o]

Comparing (36) with (11) we obtain the optimal strategy

#® 11 (0,K)

02 '

Recalling (7) we may decompose the optimal strategy into two parts

ﬁt(Q) = 1{0§t<‘r/\T}’fr§27b) + 1{7—/\T§t§T}ﬁ—£2’a)
where
#2Y = % te 0,7 AT, (37)
a0 = 7“{(7;?’ B) tepar.

The optimal trading strategy for the fully informed investor is composed of two Merton strategies before and
after-liquidation. Accordingly we decompose the optimal wealth process Xt(z) as

X = 1{0§t<7/\T}Xt(27b) + 1{7’/\T§t§T}X§27a)
where X2 and X2 satisfy the following SDEs

200 (dt + odW), te 0,7 AT (38)
202N (7,0, K)dt + odW; ), te[rAT,T]. (39)

Then we decompose the expected utility of terminal wealth into two parts depending on if liquidation occurs
before or after time T':

Voi?(0,K) = E[l{rory In(XE) |G + E[L {r<ry In(X5)G5). (40)

The two conditional expectations in (40) are calculated in Lemma A.1 and A.2 respectively. Combining those
lemmas we obtain the following result.
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Proposition 2.2. The optimal log expected utility for fully informed investors is

Ve, K) =

— (5 —30)T 24 e 4 (4~ $o)T Lo
{N( Nei 2 )exp((ﬂlna)N( T 2 )}x (ln(XO)JrQ(uOQ)T)

o2 2 202 202

In the next section we consider the optimization problem for the partially informed investors.

! 2T (1,0,8)
h®)(t;0,k) :=lnXo+“na+ﬁt—“—t+/ (wo(t,0,k)"
t

3. PARTIALLY INFORMED INVESTORS

The portfolio strategy for partially informed investors is supposed to be G(M-adapted and denoted by 7(1) =
(7r121)7 0 <t <T). The wealth process evolves as

dx" = XV (u)! (0, K)dt + 0dWy),  0<t<T. (4D

Similar to (8), the admissible strategy set A1) is a collection of 7(1) such that, for any (8, k) € (0, 400) x (0,1),

T T
/ |7T§1)M£V[(9»k)|dt+/ |7T§1)0\2dt < 0.
0 0
The portfolio optimization problem for partially informed investors is

W= Bl ()] “

Note that the optimization problem (41)-(42) is the case of partial observations since the drift term in (41) is
not GM-adapted.

Following [19] we first reduce the optimization problem of partial observation to the case of complete obser-
vation. Recall that the probability measure Q is defined as

aQ

L.
dP T

g5?

with the density process L given by (9) which is a (G, P)-martingale.
We next define the filtered estimate of the drift 4 (6, K), based on the observation of the market price, by

it =E [u(0,K)6"].

We define the innovations process W by

1 (0, K)

. — M
AWy = dW, + Ldt, 0<t<T. (43)
g



ESAIM: PROCEEDINGS AND SURVEYS 13
By [9, Lemma 4.1] we know W is a standard (G, P)-Brownian motion. Then we may rewrite (6) as
s = SM (it dt + odWy)
and the wealth process X() as
dx® = xPaD (Mt + cdW,),  0<t<T

with initial wealth zo €]0, +oc[. Now the dynamics of the wealth process X ") is within the framework of a full
observation model since i is G(M-adapted.

Similar to the case of fully informed investors, the optimization problem (42) can be solved by the martingale
approach.

Proposition 3.1. (i) The optimal terminal wealth of a partially informed investors, with utility function U and
I = (U1 is given by

X = 1(\Lp).
The Lagrange multiplier \ is determined by the budget constraint

@ [I(/\ET)} = Xo

and Ly is the density of the risk neutral probability measure Q for the filtration GO defined by

oo = exp{ / il = aw, — / 202 } (44)

with pM = E {uiw(@7K)|gt(1)} and the innovation process W given by (43) is a (G, P)-Brownian motion.

_ dQ
L= —
LT ap

(ii) The filtered drift estimate @™ can be computed as

My te [[O,T/\T[[
M = [ fol{ut 0, k)exp{f w08 qyya IN %d }}@(G,k)dﬁdk

(M (0. )
[ f {exp{ft @dwﬁhﬁ %dv}}(p(e,k)dedk

ternT,T].

Proof. (i) We define the process L; = E[Lt\gt(l)] and begin by proving that it equals the right-hand side of (44).

By rewriting L; in (9) as
LuMe,K 0,K
Lt:exp{_/ deg_’_/ ('LLU(2))dv}7
0 (o 0 20
and noting that the process 1/L; satisfies the equation

t M
i:1+/mldw<@
0

4
Lt o L v ( 5)

we have by taking the conditional expectation of (45) that

1 "' (©,K) 1
B[ zio) = 1+5°[ pO) - awgiay] (46)
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By [23, Theorem 5.14], we have
FuMe,K) 1 b oM (©,K) 1
EQ fo (O, —awQ (1) :/ FQ[v ) e dw Q.
[ O g = [t O i
Using the Bayes formula [17, Proposition 1.7.1.5] and (9), we have respectively

1

1
EQ[— g(l) _
[Ltl ] E[L 0]

and

t M t M (1)
/ E [ P I’ ‘gt ]de - o (1) dWU :
0 v 0 E[L:|G; "]

Substituting (48) and (49) into (46) and (47) we obtain

1 'E[(0,K)6Y) 1 2
o 1*/ - 7 W
E[L|G¢ ] 0 E[L:[G; ]

which implies
B t =M t (mM)2
L, = exp{ —/ uidWL@ +/ @dv}.
o O 0 20
Combining (10) and (43) we have
. =M
aw® = aw, + M ar.
o
Substituting (51) into (50) we find

~ t =M t(=M)?2
Ltexp{/ ’idw,f/ 7(“”2) dv},
0 g 0 20

which is a (G(l), P)-martingale, and we define the risk neutral probability measure Q by

d0

=L,
dP t

g

(47)

(48)

(49)

By the fact that W is a (G, P)-Brownian motion and the Girsanov’s theorem, the process W@ defined as

t M
Bv_ g,

W2 =W, +
0 g

0<t<T

is a (GM, Q)-Brownian motion.

Following the same procedure as in Section 2 we find the optimal terminal wealth X;l)

X = I(\Ly),
where I = (U’)~! and the Lagrange multiplier \ is determined by

E [I()\ET)ET} = Xo.-

given by
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t M t (M0, K))>
:exp{/ Po 1220 (Q’K)deQ—/ (1'(0. K)° . ) dv}
g 0 o 0 20

is (G, Q)-martingale. By Bayes formula, we have

(ii) Recall that
1 dp

L; dQ

it =k [ (0, K)lg!" |

E® [ (6, K)Lr|6"
T LG
E® [E2 [ (0, K)Lr1g” | |f"]
E9(Li|G; ")
E |}(0, K)Li|g,"
T LI
B9 (0, K) exp { 10w — (;if“ an} 16|

Efexp { f, LI qw — [ GO 4y} 6]

Since the measure Q coincides with P on Q(()z) = 0(0, K), the distribution of (©, K) under Q is identical to the
one under P. Recall that the Brownian motion W is independent of (0, K) we have

6,k
L, o {ut Jexp {fo Wb e [ OO, }} (6, k)dodk
pe = . (53)
t 157 Iy {oso { U 4R aw — [ G au b L (6, kydodk
For t <7 AT we have M = i due to the fact that u}M = p. (|

Following [12] there exits a martingale representation theorem with respect to the (G(1), Q)-Brownian motion
W, Similar to the case of fully informed investors, the optimal strategy 7(1) relies on the martingale represen-
tation theorem. For a general utility function, the optimal strategy (1) does not have explicit expression. In
the next subsections, we will consider power and logarithmic utilities.

3.1. Power utility
We first consider the power utility U(x) = %p, 0 < p < 1. The optimal terminal wealth at T is given by

efin®]

where Lt is given by equation (44). The optimal expected utility is

v = B (g [y )) (54)

p

£

Similar to the case of fully informed investors, we may decompose the optimal strategy #(1) into two parts:

(1 L (L,b (L
7Tt( ) = 1{0§t<‘r/\T}7Tt( ) 4+ 1{TAT§th}7T§1 ).
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Following a similar procedure as in Section 2.1 we obtain

H
~ (1,b) H Z
s = 4+ —, te|0,7TAT],
' (1-p)o?  oH, [[ [[
=1
~(1,a) Ky
= t AT, T
t (1_p)0_27 6[[7— ) Ha

where (H, ZH) satisfies the linear BSDE

T M 2 M T
_ p(m')” - pid g / i o
H, =1 H, 7 dv — Z:HdW,.

' +/t <2(1—p)202 BT R AR .

We will discuss the numerical solution of BSDE (55) in Section 5.

3.2. Log utility

In this section we consider the logarithmic utility U(z) = In(z). The optimal terminal wealth at T is given
by

-(1) Zo
T Ly
The optimal expected utility is

Vi = In(zo) — E [In(L7)] .

The optimal investment process #(!) is given by

~ ~(1,b ~(1,a
7T§1) = 1{O§t<‘r/\T}7T§1 ) 4 1{rAT§t§T}7T,§1 )
where
~(L,b) M
=, te[0,TATY, (56)
g
.y
~(lLa) Mg
=—, t AT, T].
Ty 0_27 € [[T ’ ]]

We decompose the optimal wealth process into before and after liquidation parts as
¢ o (1,b >(1,
XM= 1{0§t<7/\T}Xt(1 )+ 1{TATgth}Xt(1 @
where Xt(l’b) and )A(t(La) satisfy the following SDEs

dXt(Lb) = X£17b)ﬁ(l’b)(ﬂdt+0dwt)a te 0,7 AT,
aX ) = XOR0O Ledr 4 gdwy ) te[rAT,T].

Then we decompose the expected utility of terminal wealth Vo(l) into two parts depending on if liquidation
occurs before or after time 7"

VO = E [1gren o (X00)] 4B [Lrsn n (X59))]. (57)
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Comparing (37) and (56), we know partially informed investors holds the same optimal strategy as the fully
informed investor before liquidation. The optimal terminal wealth for partially and fully informed investors are
identical if no liquidation occurs before T', that is

E [l In (X57)] =E [1gren n (XE7)].

Thus the first expectation in (57) has been calculated in Lemma A.1 and the other expectation is calculated in
Lemma A.3. Combining those lemmas we obtain the following result.

Proposition 3.2. The optimal log expected utility for the fully informed investor is

RV(t) := Inzo +

_ 2
”lna+“t—“2t+/T )" g,
o2 2 202 . 202

We will consider the optimization problem for the uninformed investors.
4. UNINFORMED INVESTORS

The uninformed investors erroneously believe the market price of the asset follows a Black-Scholes dynamics
with constant p. That is, uninformed investors act as Merton investors. To compare with the fully informed
and partially informed investors, we shall consider both the power utility and logarithmic utility in the following
sections.

4.1. Power Utility

We first consider the power utility, i.e. U(z) = % The uninformed investors adopt the Merton strategy

~(0) _ H

However, the market price process of the asset is given by (6). Therefore, corresponding to the sub-optimal
strategy given by (58), the wealth process Xt(o) is written as

X = 1{0§t<TAT}Xt(O’b) + 1{TAT§t§T}Xt(O’a)
where X? and )A(t(o’a) are given by

dXOY = XOV2O) (udt + odwy), te 0,7 AT,
dXt(O’a) = )A(t(o’a)ﬁ'(o) (1i (1,0, K)dt + odWy) terAT,T].
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We next compute the expected utility of final wealth E[U(X9)] using the investment strategy given by (58).
We decompose E[U(X?2)] into two parts depending on whether or not liquidation occurs before time T

E [U (X%ﬂ = |:1{T>T}U< X4 b))} +E [1{T§T}U (X;O’a))} : (59)

The two expectations in (59) are computed in Lemma A.4 and A.5 respectively.

Proposition 4.1. The expected power utility of an uninformed investor who follows the suboptimal strategy

(58) is
so0\| _ fli)) p,UQT
E [U (XT)} o P (2(1 —p)az)
5+ (e — 9T 211 (s 9T
(d-p)o p)a 2 _ pmo o (1—p)o 2
x{N( T ) exp<(1_p)a2 lna>N< Nis )}
_ lna _1l(ma 1N 1) (2,0, k) (8)dtdodk
/ / / Vo P12\ o (e 8, B)e(0)
where

P In o 1 u 1 p? T puul(t, 0, k)
104,60, k) = 20 ex o += t—= t+/ (””)dv .
LOK) = o Tt T2 2o ), o p)e?

We next consider the same problem for the uniformed investor under logarithmic utility.

4.2. Logarithmic Utility

In case of logarithmic utility, uninformed investors adopt the Merton strategy

R p
70 = - (60)

We denote by X () the wealth process for uninformed investors as holding the sub-optimal strategy 7r( ) given

by (60). Similar to the case of power utility we calculate the expectation E[U (X (TO))] using the decomposition

En(XY)] = E[l sy (X)) 4+ E[1 oy In(X2)). (61)

Comparing (37) and (60), we know uninformed investors hold the same optimal strategy as the fully informed
investors before liquidation. The terminal wealth for uninformed and fully informed investors are identical if
no liquidation occurs before T, that is

3oy ()] = trcr  (45)]

Thus the first expectation in (61) has been calculated in Lemma A.1 and the other expectation is calculated in
Lemma A.6.
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Proposition 4.2. The expected log utility of an uniformed investor who follows the suboptimal investment
strategy (60) is

E[ln (TO =

(X))
{N <_h; +\(/%_ §U)T> — exp (if; - lna> N (l?’a il (\ng_ éo)T) } x (ln(xo) + %( = Zi)T)
/ /00 2uz(z — 2y) exp {(,u - %J)LL’ - %(ﬁ — %U)QT - %(Zy - x)z} dxdy

V2rT3
1 /Ina w1 2 (0)
—expq o (— - (= — 5a)t hP(t, 0, k)p(8, k)dtdodk

lna///

2 T I 2
h(o) (t, 9, k) = 111.230 + ,LLlIlO[ —+ Et —_ Lt _|_/ (2/"1’/J"l)(t’ 97 k) 1% > d’U
t

where

o2 2 202 202

We next present some numerical results.

5. NUMERICAL RESULTS

In this section we illustrate numerical results of the optimization problem for the three types of investors. We
set the parameters p = 0.07,0 = 0.2 and the initial value Sy = 80. We let the investment horizon 17" = 1. The
liquidation trigger level is chosen as o = 0.9. The stochastic processes are discretized using an Euler scheme
with M = 250 steps and time intervals of length At = ﬁ. The number of simulations is N = 10°. We suppose
the distribution of (6, K) is uniform on [0.05,0.15] x [0.02,0.08]. The initial wealth is assumed to be zy = 80.

The power utility function is specified as U (z) = 2z2.

5.1. Filtered estimate of the drift

The time horizon [0, 1] is discretized equally as 0 =t < t; < -+ <ty = 1. For 0 < m < M we denote by
1! (0, K) the discretized approximation of p* (0, K) at time t,,. For 0 < m < M — 1, we denote by AW,,
the increment of the Brownian motion over the time interval [t,,,tm+1]. The approximation of the increment

of the (G?), Q)-Brownian motion is AWE = AW,, + wAt We approximate the filtered drift estimate
n (53) at time t,, by

e { 0, k) exp{ > ( LHGLIN AL (GK)At)—(“t(M)At)}}@(G,k)dedk
AM Osism—1 . (62)

M., » 2
fooo fol {exp{ ) <u’t (0,k) (AW; + ] K) At) — WAQ }} ©(0, k)dodk

0<i<m—1

We use Monte-Carlo method to estimate the integral in (62). Suppose the number of simulation is N. For
1 <n < N, we denote by (6", k™) the realized value of the random variable (©, K) in the nth simulation. We
estimate 4! in (62) by the sample mean

M gn 1.n IW no.n
D {ufwm(ﬁn,k”)exp{ ) (”’”(AW+“’ OF) gy _ (0" K1) At)}}

1<n<N 0<i<m-—1

~M:

tm 2
pit(0m k) i (©.K i (on k)
> {exp{ > <(AW + At) - ( 5o ) At) }}

1<n<N 0<m<m-—1
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Filter estimate compared with realized drift

0.4

filter estimate of the drift |

1.4+ | — — realized drift

-1.6

0 0.2 04 0.6 0.8 1
time

F1GURE 5. Filter estimate of the drift compared with the realized drift

In Figure 5 we illustrate a sample filter estimate i compared with the drift term (0, K) in a specific
scenario where the realized value of the liquidation random variables are (0, K) = (0.1, 0.05). From Figure 5 we
note that the filtered estimate of the drift is very close to the realized drift. This result suggests that knowing
the functional form of the market impact is more relevant than the actual realization of (0, K).

5.2. Optimal strategy for power utility

In this section we illustrate the optimal strategies for fully and partially informed investors in case of power
utility by solving the related BSDE numerically. We skip the discussion of log utility since the optimal strategies
are simply the "myopic" Merton strategy. In case of fully informed investors, we approximate the BSDE (30)
by the following discretized BSDE

I LA N A L)
e 2(1-p)202 """ (1-po

H,,, =1. (64)

Z{i) At+ZF AW, to <tm < tu, (63)

The BSDE (63)-(64) can be solved using the following recursive scheme (see [13])

N 1 .
ZH :EE[H%HAth\gt(i)], (65)
~ i” 9"’]; ~
 Elf,,, |62 + M T 71 Ay
H,. = p(ut, (0.0))? ' (66)
1 — P OB Ay
2(1—p)202

We estimate the conditional expectation in (65) and (66) by the Monte-Carlo regression approach proposed
by [13]. Note that the market price process SM is not Markovian with respect to (G(?),P). We define the
running minimum process SM = inf{SM|0 < v < t} and note that the pair (SM,SM) is Markovian with
respect to (([}(2)7 PP). Hence we may choose the regression basis functions: 1,z, 22, y,y? and 2y. By the regression
method of [13] the conditional expectations in (65) and (66) can be estimated by

c) + CQ(StIVI — OzSo) + Cg(StM — 0450)2 + 04(5'1{\4 — aSo) + C5<§g\4 — 0450)2 + Cﬁ(gtM — aS@(S}{VI — OzSo)
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Asset market price over [0,T]

85 T T
asset market price
80 — — liguidation bareier 7
75 |
2oF N T T T 0
65
60 1 1
0 0.2 0.4 0.6 0.8 1
time
O%timal strategy for fully and partially informed investors over [0,T]
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FIGURE 6. Approximated optimal strategy for fully and partially informed investors over [0, T]

for some coefficients ¢;,1 < i < 6.
We approximate the optimal strategy for fully informed investor #(?) by #(2) as follows
o r A

fm (1-p)o?  oH,,

Following a similar procedure we may solve the related BSDE for partially informed investors and obtain the
approximate optimal strategy.

Figure 6 illustrates the approximated optimal strategies for fully and partially investors respectively corre-
sponding to one sample path of the risky asset price where liquidation occurs well before the terminal time T
In particular for the path of the asset price in Figure 6 liquidation occurs at time ¢t = 0.1540. Before liquidation
the two strategies are indistinguishable due to the scale. We plot the optimal strategies before liquidation in
Figure 7 and note that there is some tracking error before liquidation. This difference may be due to the fact
that the before liquidation strategy of both investors contains a component which depends on the solution of
a BSDE, which is accomplished backward in time, and in particular depends recursively on the filtered drift
estimate for the partially informed investor. Hence, owing to tracking error typical to filtering problems some
errors may be propogated to the before liquidation strategy through the numerical solution procedure for the
associated BSDE. Table 1 presents the approximated optimal strategies for fully and partially investors at times
before liquidation corresponding to Figure 7.

Figure 8 illustrates the approximated optimal strategies for fully and partially investors respectively cor-
responding to a realized path of the asset price that does not induce liquidation. In particular, the optimal
trading strategies of the fully informed and partially informed investors appear almost identical. We also observe
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84 Asset market price before liquidation
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0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16

time
Optémal strategy for fully and partially informed investors before liquidation
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FIGURE 7. Approximated optimal strategy for fully and partially informed investors before liquidation

tm | 0.1200 | 0.1240 | 0.1280 | 0.1320 | 0.1360 | 0.1400 | 0.1440 | 0.1480 | 0.1520
St]fi 79.0600 | 79.0766 | 77.9106 | 76.2818 | 74.0479 | 73.5371 | 73.4940 | 73.9593 | 72.4905

) [ -0.1127 | -0.3614 | -0.0063 | -0.5712 | -0.2756 | -0.1780 | 0.0699 | -0.1559 | 0.1043

71'83 -0.0898 | -0.3399 | -0.0224 | -0.7831 | -0.6907 | -0.6265 | -0.3766 | -0.5502 | -0.3760
TABLE 1. Approximated optimal strategies before liquidation

a general tendancy for the optimal strategies to decrease the position in the stock as its price moves toward
the liquidation barrier and increase the position in the stock as the price moves away from the liquidation
barrier. However, as the time to the end of the investment horizon shortens and the probability of liquidation
appears less likely the overall trend to increase the position in the stock, toward the level of the Merton strategy,
dominates.

5.3. Optimal expected utility

In this subsection we implement the Monte-Carlo method to find the optimal expected power and log utilities.
In case of uninformed investors, since the "optimal" strategy is simply the Merton strategy, we may approximate
the wealth process X directly using the Euler scheme. For 0 <m < M and 1 < n < N, we denote by Xt(gl)’n
the realized wealth for uninformed investors at time t,, in the nth simulation. The expected utility E[U(X ()]

is approximated by the sample mean V() = % Yoi<n<n U (Xt(g{) ™). The standard error of the sample mean is

SE(O):\/(N—ll)N 3 (U(ng}m)_mmf.

1<n<N
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Asset market price over [0,T]
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FI1GURE 8. Approximated optimal strategy for fully and partially informed investors without liquidation

The relative standard error of the sample mean is RSE® = (SE©)/(|[V(©]). The 95% confidence interval
estimate of the sample mean is [V —1.96 x SE©) V() 4 1.96 x SE()]. This simulation scheme also applies
to the log utility for fully and partially informed investors.

However, in case of the power utility for fully and partially informed investors we cannot approximate
the wealth process directly since the optimal strategies are not explicitly determined. Although we can first
approximate the optimal strategies by solving the related BSDE, this would increase the size of simulation error.
Instead we simulate the likelihood process L in (9) and L in (52) since the optimal expected power utilities are
functionals of Ly and Ly given by (22) and (54) respectively. For instance, in case of power utility for fully
informed investors, we denote the discretized realization of L; in nth simulation by Ly for 0 < m < M and
1 < n < N. The expectation E[(LT)%] is estimated by the sample mean £ = + Zl<n<N(L?]u)%' The
standard error of the sample mean is

SE(Q):\/(N—ll)N 3 ((L’gM)ﬁ_g)Q.

1<n<N

The relative standard error of the sample mean is RSE @) = (SE@)/(|€]). The 95% confidence interval estimate
of the sample mean is [€ —1.96 x SE?) £ +1.96 + SE(®)]. By (22) the optimal expected utility for fully informed

— P -
investors is estimated by V(2 = %0(5)1*” . The 95% confidence interval estimate of optimal expected utility

is [%’j (é— 1.96 * SE(2))17P , % (§+ 1.96 = SE(2))17P]. A similar scheme can be applied to the case of power
utility for partially informed investors.
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Numerical evaluation
Expected utilities Sample mean Relative 95% estimated
standard error | confidence interval
Fully informed 48.9602 0.0883 [44.5223, 53.0279]
Partially informed 31.3099 0.0172 30.7767, 31.8342
Uninformed 18.9228 0.0012 18.8796, 18.9661

TABLE 2. Numerical evaluation of optimal power utilities for three types of investors

Numerical evaluation
Expected utilities Sample Mean Relative 95% estimated
standard error | confidence interval
Fully informed 4.8282 0.0073 [4.8219, 4.8346]
Partially informed 4.7579 0.0080 [4.7520, 4.7638]
Uninformed 4.3665 0.0005 [4.3621, 4.3709]

TABLE 3. Numerical evaluation of optimal log utilities for three types of investors

We present the numerical results on the optimal expected utilities for the three types of investors in the
Table 2 and Table 3 for power and log utilities respectively. As should be expected there exists certain gaps
among the optimal expected utilities of different types of investors. We may interpret those gaps as the value of
information asymmetry. The results are more pronounced in the case of power utility than in the case of power
utility. Nevertheless, in both cases there are statistically significant differences in optimal expected wealth given
that the confidence intervals do not overlap. In the power utility case the optimal strategy of the partially
informed investor is very close to that of the fully informed investor. However, the inability to fully capture
the potential gains from trading against liquidation, owning to the need to estimate the drift and the tracking
error, leads to a significantly lower optimal expected utility.

6. CONCLUSION

In this paper, we characterize the market impact of liquidation by a function of certain form. We consider
the portfolio optimization problem for three types of investors with different level of information about the
liquidation trigger mechanism and the market impact. In case of logarithmic utility, we find the closed-form
optimal strategy for all three types of investors. In the case of power utility it is not as straightforward to
find the closed-form optimal strategy for the partially informed investors. Finally we present some numerical
results using Monte-Carlo simulation method. These results indicate that there is significant value, in terms of
optimal expected utility, of increased information about the opportunity to trade optimally against an investor
who may need to liquidate a large position in a disorderly fashion.

There are several possible directions for improving the model. We can use more realistic models of market
impact or the barrier that may depend on market, regulatory, or macro-economic variables. For partial insiders,
the occupation time below the liquidation threshold is a random variable rather than a known constant as
in case of full insiders. We plan to incorporate permanent price impact into the liquidation impact function
generalizing the temporary price impact function. We shall explore the effect of different liquidation impact
functions on the optimal trading strategies and utility of terminal wealth of uninformed, partially informed,
and completely informed investors. Since certain market participants possess different market information it
is natural to discuss the value of information in terms of portfolio utility. The results of future research can
also inform financial and operational risk management processes and regulations for certain agents and trading
activities including short-selling prohibitions, buying constraints, or derivatives market participation.
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A. APPENDIX

In the appendix we provide technical lemmas and proofs which allow us to easily justify the main results.
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Lemma A.l.

A 1 2
B[l o1y In(XEY)|0] = <1n(X0) T #)T>

—lno g (& _do)T B 2plna ne 4 (& — Jo)T
x{N( Nii ) exp( — 1na)/\f< T )}
1

2u:z x — 2y) w1 1 p 9 1
- — = —=(=—=z0)'T— 2y —
/ / T3 exp{( 20’)33 2( 20) 2T(y x)? b dady

where N (z) = \/% ffoo e% du is the cumulative distribution function of a standard normal random variable.
Proof. By (1) we have
1
S, = Sp exp {a ((5 —50)t+ Wt) } . (67)
Define B; = (£ — $0)t + W; and B; = inf{B,|0 < v < t}. Recalling the definition of 7 in (2) we find
Loty = g, smay. (68)
Let k= £ — 10. From [17] we know
~ 2(x — 2y) 1, 1
P(Br € dx, Br € dy) = 1{w>y}1{y<O}W exp{rx — 2F T-— ﬁ(Zy — 2)?}dady. (69)

and

_Ina E_ 1, nla Ina w1,
P(T>T)=N< = +\(/UT 2 )T)—exp(Q'u(lj;)—ln(a))N< = +(\‘;T 2 )T> (70)

On the other hand, by (38) we know

KD _ X, exp {( @4, Lze b>0)2> T4 ﬁ<2,b)UWT}
— xoexp L X (-t ewe) £t - By
oc\'oc 2 2 o2
1% 1 1%
- X Eprt - — et 1
vesp {20 + 001~ Ly} )

Using (68) and (71) we compute

E [1{T>T} In (X(Q’b)) |g<2>]
=E |:1{’T>T} {IH(XO) + BT + 2#( = ) } [« }

=P(r > T) {m(xo) + %(u — ZE)T} +E [ (B >M}“BT] (72)

since (O, K) is independent of F and X is Q(()Q)—measurable. Finally we apply (69) and (70) to (72) to obtain
the result. O
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Lemma A.2.

27
Ellr>- In(X7")(Gy”)
na [T 1 1 (lna w1 2
- — —— | — = (==zo)t R (¢, 0, K)dt
o Jo ‘/27Ttgexp{ 2t(0 (0 20)) (t,6, K)
where )
na p, p T (ph(t,0,k))
h(t,0,k) :=1In X, + & e / SUIURALE Y 3 73
(t6,k) = Xo+ =5= + 5t =32t * | 252 " (73)
Proof. Let t = 7 in (67) we have
1
Sy = Spexp{(p — 502)7 + oW, }.
Using the fact S; = a.Sy we find
1 1
W, =— {lna —(n— 02)7} . (74)
o 2
By (38) and (74) we compute
N 1
Xg’b) = Xgexp {(ﬁ(Q’b) - 5(7?(2’1’))202)7' + ﬁ'bUWT}
2
= Xpexp H—t + HWT
202 o
plna  p o p?
= XO eXp { 02 + 57’ — MT} . (75)
Solving (39) we obtain
. . T
Xg’a) = X£2’b) exp{

1 T
(72°(0. Kb (7. 0.K) - (3200, K)Po?)do+ [ #2°(6. K)odW,)
T (I 2 T I
= X(Q,b) eXp{ (:u’v(T’ o, K)) dv + / /.LU(T, 0, K) dW. }
T - 202 - o v
Using (75) and (76) we compute

E :1T27 In (X;Q’@) |gg2>}

[ T I 2
= |17, (m (xen) 1 [ 0107

T I
:UU(TaC—)aK) (2)
v+ /T Pl = 2w, | 16
- 1 9
=E 1T27’ (lnXo + pno

. T (4l (r,0,K))
—E |E | 175, <1n<x;27b>)+ / CAGL YN a(r),géﬂ ggﬂ
T (1 2
po_n (.6, K))" 1\ @)
poai a1 2027+/T 52 dv | 1Gy™ | -

T 1
K
K)ot / i, 0, K) de>
20 -
Recall that (O, K) is independent to F and that from [17, Sect. 3.3.1] that the density of 7 is

g

lna 1 1 (Ina w1 2
P = —— | —=(==-= .
(1 € dt) o op exp { o, ( o ( 2a)t> }dt
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Using (77), and the definition of the function h(? (¢, 0, k) in (73), we obtain the result. O

Lemma A.3.

. 1 T 1 /1 1 \?
E[lrs, In(X3")] = ——— exp {— (na (2= 20)1?) } AW (t)dt

o Jo Vort3 2t o o
where
Ina p u? (ﬂ )
hO(t) =1 = L / vy, 78
®) noo+ o? + 2 202 + . 202 Y (78)

Proof. Similar to the proof of Lemma A.2, we find the terminal wealth )A(gpl’a)

(1 1 2 i Ty s
X;l’):xoexp{uoga—&-gT—Q/iQT—i—/ ('l; )d +/ ,u; de}~

if liquidation occurs before T

We compute
[ o (1,a)
E 17z In (X{)]
I 1 2 T (=M\2 T -M
= [z, oo+ 250 4 B oy [Py [ B,
= o 2 o . 20 o

| 1 2 T (7M\2 T -M
=E |E | 17>, 1nxo+una+ﬁ7__ﬂ7_+/ (uv)d+/ ““dW
- o2 2 202 2 :

&l
) - 1ln U w2 (N )
-F _1T2T {hﬁxo 2 27‘ — @T +/T 20 }1

Using the density of 7 given in (77) and the definition of the function A(V)(¢) in (78), we obtain the result. [

Lemma A.4.

. xp 2T
CE[Lron) (X07)) = D exp (“j)

—ln7a+(ﬁ—%)rf 241 1n o lnTa"‘(ﬁ_%)T

Proof. The proof is basically the same as that of Lemma A.1 except using the power utility function instead of
log utility function. We compute

1 N .
;E[1{7>T}(X;O’b))p]

_T0 . pp*T
p 2(1 - p)o?

) 2 $ — 2y m o 1 M oy 1
/ / V2rT3 p{((lp)a_Q)x_Q((lp)o._z) T—ﬁ@y—x) }d:cdy. (79)
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Define C; = (ﬁ — 2)t + W, and C; = inf{C,|0 < s < t}. Note that the integral in (79) is equal to

P(Cr > 22). By [17, Sect. 3.2.2] we know

~ 1
P(CT > E)
o
Ina I led In o " a
— % o — 5T 2ul o tlagpe — 3T
=N ((1 p) 2) — exp <M na2 —lna>/\/ ((1 ) ) . (80)
vT (1-plo VT
Substituting (80) into (79) we obtain the result. O

Lemma A.5.

1E[1T>T<X(° ]

lna// / e { 21t<lnga—(5—;a)t)2}l(o)(t,G,k)ga(O,k)dthdk

’ 1 1 1 2 r !
l(o’(t,&k):ifexp{ L L t+/ (’W’W>du}. (81)
t

where

(1-po%  2(1-p) 2(1-p)o? (1—-p)o?

Proof. Similar to the proof of Lemma A.2 we find the wealth value at liquidation time 7 as follows

N Ina 1 pu 1 u?
X0 = a = — :
TN e T2 20

Then the terminal wealth )A(éo’a) if liquidation occurs before T is
. . T I 0,K) 2 T
X(O,a) _ X(O,b) / /’[//’[/’U(T7 ) . M d / Lde .
v = e A e T 2—pe2) T ) (=)o
E[lr>-U(Xy")]
1| , T (pppl(1,0,K) pp? T pu
=_FE |1 Xbyr v s d ———dW,
|z ) eXp{/T (e a ) o [ a
R T I @ K) 2 T
] $byp pupy(T,0,K)  pu d / PE_
(rzn (X7) eXp{/T (e a ) [

1 . " (pupl(r,0,K) pi?
_pE 1{T27-}(XT) €xXp {/7- ( (1 — p)02 2(1 — p)0'2 dv

Using the density of 7 given in (77) and the definition of the function 1(°)(¢, 6, k) in (81), we obtain the result. [

We compute

Lemma A.6.

E[l7s- (X))

lna/ / /

1 (Ina w1 2 (0
Noresd exp{ % ( —(= - 20)75) }h (t,0,k)p(0, k)dtdodk



30 ESAIM: PROCEEDINGS AND SURVEYS

where ) r , )
o p, p 2y (8,0, k) —
RO (L0, k) =1 i By 1y v .
( y Uy ) n o + 0_2 + 9 20_2 + \ 20_2 v (82)
& (0,a)

Proof. Similar to the proof of Lemma A.2, we find the terminal wealth X" if liquidation occurs before T

In 2 T I 0.K 2 T
000 Z g exp 4 112 0‘+ET_LT+/ L (7,0, K) - p dt+/ Eaw, \
o2 2 202 - o? 202 r o

We compute

E 1T>7-hl( (0 a)):|
[ 1 @K
—E 17>, 1nx0+”n0‘+ﬁf—”— W”T dt+ “th
= o2 2 20
[ 1 0,K
—E |E | 175, {Inap+ E22 4 E7 “— / 1T, 0, K) i dt+/ REaw, Y o(r)
2 2 2" 2 o2 % o
[ 1
R 1T>T{1nxo+ﬂ“am_ﬂ [ (e 2y, H
= o2 2 2 2

Using the density of 7 given in (77) and the definition of the function h(®)(¢, ) in (82), we obtain the result. [



