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Abstract

We study portfolio optimization problems incorporating environmental, social, and gover-
nance (ESG) factors for three types of investors, namely brown investors who care only about
their wealth, green investors who prefer assets with high ESG ratings, and mized investors who
take a position between the two. Given that some ESG ratings are not publicly available, we
distinguish between different levels of ESG information accessibility for these investors. We
explore the impact of ESG preferences and ESG information accessibility on investment strate-
gies, addressing issues such as the components of optimal portfolios of different investors and

the utility indifference value of nonpublic ESG information.

Keywords: portfolio choice, ESG rating, utility maximization, asymmetric and partial infor-

mation, filtering.

*Corresponding author.



1 Introduction

Traditionally, investors seek to optimize their investments primarily based on financial factors.
Environmental, social, and governance (ESG) investing, which incorporates ESG factors into the
investment decision-making process, has been on the rise in recent years. Due to the prevalence
of ESG investing, there is a growing literature focusing on how to integrate ESG factors into
portfolio choice. Pedersen et al. [19] extend the classical mean-variance framework by adding an
ESG preference function and characterize the solution to the investor’s portfolio problem by an
ESG-efficient frontier. Pastor et al. [18] study a utility maximization problem, in which an agent
derives non-pecuniary benefits from holding assets determined by their ESG characteristics. They
show that ESG-driven investing makes firms greener and shifts real investment toward green firms,
producing positive social impact. Later, Avramov et al. [2] extend their framework by considering
ESG rating uncertainty and analyze the implications of the uncertainty for portfolio choice and
asset pricing in equilibrium. These works are carried out under a one-period framework, in which
ESG scores or ratings are either constants or random variables and hence do not change during the
time period under consideration.

In this paper, we study portfolio optimization problems in the presence of ESG factors under
a multi-period continuous-time model. The aim is to capture the impact of ESG investing over
a medium- to long-term investment horizon. To this end, we assume that the ESG information
flow is updated over time. To account for ESG information, we focus on ESG ratings, which,
according to Boffo and Patalano [5], represent one of the key ways in which investors and other
market participants make use of ESG information. ESG ratings are provided by evaluation agencies
such as MSCI and are typically updated at discrete time points. For instance, MSCI ESG ratings
are updated monthly, as shown in Figure [I} To capture this feature, we model ESG ratings using
a finite-state discrete-time Markov chain, inspired by the literature on credit rating modeling (see,
e.g., Duffie and Singleton [7]).

Recent empirical studies show that ESG factors are related to both financial performance and
stock performance of firms. For example, high ESG-rated firms are associated with higher stock
returns and lower stock volatility during times of crises; see Engelhardt et al. [8] and references

therein. See also Yang et al. [23] who study how a firm’s ESG performance can affect its downside
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Figure 1. This figure shows the MSCI ESG ratings of Microsoft, Amazon, and Meta from De-
cember 2020 to December 2024, which are available at https://www.msci.com/our-solutions/
esg-investing/esg-ratings-climate-search-tool.

risk. Motivated by these studies, we assume that the evolution of risky asset prices depends on
ESG ratings.

We consider exponential-type utility optimization problems for three types of investors who
have different ESG preferences and ESG information accessibility, respectively referred to as brown,
green, and mized investors. Specifically, brown investors are only concerned about their wealth,
whereas green investors not only care about their wealth but also have preferences for assets with
good ESG ratings. In practice, some ESG ratings are not publicly available. Brown investors have
knowledge only of publicly available ESG ratings. In contrast, green investors are willing to make an
effort to acquire ESG ratings of all assets. Mixed investors are positioned between these two types:
they have access to and follow complete ESG rating information but do not necessarily prioritize
ESG factors in their decision-making. In other words, the portfolio choice of mixed investors is
driven primarily by wealth, with ESG ratings taken as a secondary consideration—resembling a
standard utility optimization problem.

For brown investors, nonpublic ESG ratings are treated as hidden factors in their portfolio

choice, and the utility maximization problem is studied under partial information. In the literature,
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optimization with partial information has often been studied in contexts where the coefficients of
asset price processes depend on an unobservable process (see, e.g., Honda [13], Bauerle and Rieder
[22], Hata and Iida [12], Rieder and Bauerle [3], and Bjork et al. [4]). In this paper, the hidden
ESG ratings are modeled using a discrete-time Markov chain, and we adopt the filtering method
to derive the optimal investment strategy for brown investors.

In contrast to brown investors, green and mixed investors have access to all ESG ratings and
use the complete rating information to make investment decisions. The asymmetry of information
will be described by specifying different filtrations in our model. As the ESG rating of an asset
changes over time, investors would adjust their information flow by adding newly available rating
information regularly. In the literature, such supplementary information (sometimes specified as
insider’s information) has been studied using the initial enlargement of filtration setup; see, e.g.,
Amendinger et al. [I] and Grorud and Pontier [I1], in which the privileged information is assumed
to be known at the initial time. We will extend this setting by incorporating the rating information
that is updated at discrete time points into our model.

Mixed investors have a similar objective function as brown investors, which only depends on
terminal wealth. For green investors, we propose an aggregate wealth-weighted ESG rating as a
measure of the overall ESG performance of investment strategies, and we incorporate the proposed
rating into green investors’ utility to reflect their ESG preferences. This treatment is similar to
those in Péstor et al. [I8] and Avramov et al. [2], where the utility of a green investor depends
on both her terminal wealth and the ESG performance of her asset holdings. It is noteworthy that
there is a strand of literature on investment problems with multivariate utility; see, e.g., Grant and
Satchell [I0] and references therein.

We employ a backward induction approach to derive analytical expressions for the value func-
tions and optimal investment strategies of the three types of investors. By examining these re-
sults, we find that, for all investors, the optimal portfolios contain the riskless asset and a local
mean-variance portfolio derived from the mean-variance problem for the instantaneous increment
of wealth. In addition, the optimal portfolio of a brown investor includes a hedging portfolio, which
is used to hedge against unfavorable shifts in the filtered probabilities associated with nonpublic
ESG ratings. The optimal portfolio of a green investor contains an ESG portfolio determined by

ESG ratings. We also find that different types of investors perceive the mean return rates of risky



assets differently.

Given different ESG information accessibility and ESG preferences, we are interested in the
utility indifference value of the nonpublic ESG information, interpreted as the maximum amount
that a brown investor is willing to pay in order to obtain this hidden information. This value is
always nonnegative, meaning that having the hidden information is always beneficial. In a similar
spirit, we study the utility indifference value of the ESG-related non-pecuniary benefits, defined
as the monetary value that a green investor is willing to accept to disregard her ESG preferences
in utility maximization (and thus to have the same objective function as a mixed investor). This
utility indifference value can take both positive and negative values, meaning that, compared to
mixed investors, it may be either beneficial or disadvantageous for green investors to include ESG
preferences.

As demonstrated by both our theoretical results and numerical study, ESG rating information
impacts portfolio choices for all types of investors through the local mean-variance component (for
all investors), the hedging component (for brown investors), and the ESG component (for green
investors). In the numerical study in Section {4} we consider two risky assets and assume that
their ESG ratings are not publicly available. We find that the dynamic evolution of ESG ratings
induces instantaneous changes in the trading strategies of the green and mixed investors, but has
little impact on the brown investor. Moreover, in all the ESG scenarios considered, the maximal
expected utility is highest for the green investor and lowest for the brown investor.

The remainder of the paper is organized as follows. Section [2] formulates the portfolio opti-
mization problems for the three types of investors. Section [3] presents our main results, including
the solutions to the optimization problems and the corresponding optimal investment strategies.
Section [4] conducts a numerical study to illustrate the theoretical results. Section [5| concludes the
study. Finally, for the sake of readability, the proofs of most theoretical results are provided in the

Appendix.

2 The model

Throughout the paper, all sources of randomness are defined on a probability space (2, F, P) and

a finite time horizon T' € ZT is considered. For a stochastic process {Y:}o<t<r, either univariate or



multivariate, we write Y = {Y;}o<t<7 and FY = {ftY}ggtST = {o(Yy,u < t)}o<i<r as long as no
confusion arises. Without loss of generality, all filtrations to be introduced are assumed to satisfy
the usual conditions.

We consider a financial market consisting of a riskless asset and n non-dividend paying risky
assets. The risk-free interest rate is a constant, denoted by r > 0. The price process of the risky
assets is denoted by S = {S;}o<i<7, where Sy = (S14,...,5,)T. Fori =1,...,n,5;;,0<t<T,
denotes the price process of the i risky asset and is assumed to start from Sio > 0 and follow the

stochastic differential equation (SDE)

ds; -
= : = pi(t, Gig)dt + > 0 (£) AW, (2.1)

) _]:1

where p;(-,-) € R and o04j(-) > 0 are deterministic functions, G;; denotes the ESG rating of the
ith asset at time ¢ and is a random variable taking values in a finite set of real numbers and
W = {W,;}o<i<r with Wy = (Wi, ..., Wy )T is an n-dimensional standard Brownian motion.
Note that the riskless asset is not associated with an ESG rating. Moreover, we suppose that the

ESG ratings of the first ny < n — 1 risky assets, denoted as G!, are publicly available while the

remaining ones, denoted as G2, are not. For later use, let

Gt = (G%’Gg) = (Gl,t7' "7Gn1,t;Gn1+1,ta--- 7Gn,t)7
/‘l‘(tht) = l’l'(ta G%aG?) - (/’Ll(t) Glﬂf))' . '7/’Ln(t7 Gn,t))Tu

oy = [Uij ()]

We consider regularly updated ESG ratings and assume that the updates take place at prede-
termined discrete times k = 1,...,T. Specifically, for | = 1,2, the partial ESG rating process G/

can be written in the form

T

G} = Z Lk—1<try Ghots 0<t<T, (2:2)
k=1

'ESG rating is an ordinal variable, whose value is usually expressed as one or multiple letters. For example, MSCI
ESG ratings range from the leaders (AAA, AA) to the laggard ones (B, CCC); see Figure[I] In this work, we express
ESG ratings in terms of real numbers to facilitate the mathematical formulation of our model.



where {Gﬁc} keN, is a finite-state time-homogeneous Markov chain with state space g; and transition
probabilities p; g; ¢. for g;,g; € g;. The cardinality of the state space g; is denoted by |g;|. Moreover,

the state space of the ESG rating process G is given by

g= {(g17g2) ‘ g < gl7l = 172}7

and denote its transition probabilities by pg, o for gi,g; € g. The initial asset prices So, the
Brownian motion W, the process G', and the process G? are assumed to be mutually independent.

Assume that the deterministic functions y;(-,-) and 0;(+),4,5 = 1,...,n, satisfy existence and
uniqueness conditions so that the SDE has a unique strong solution, the n x n covariance
matrix

— T
Et =0t0,;

is invertible (and hence, positive definite) for every ¢ € [0, 7], and that the following inequalities

hold for all g € g:

T
/ gTE;Igdt < o0, (2.3)
0
T
/ 173, '1dt < oo, (2.4)
0
T
/ u(t,g)S, it g)dt < oo, (2.5)
0

where 1 € R” is a vector of ones. Clearly, (2.4) and (2.5 imply that

T
| o= o gt < o, (2.6)
0

where 0(t,g) = p(t,g) — rl. Throughout the paper, as long as no confusion arises, we often use
simplifications such as p, for pu(t, G¢) or u(t,g) and 6, for 0(t, G¢) or 0(t, g).

We now introduce the investment strategy of an investor, which is a stochastic process w =
{mi}o<t<r with 7w = (m14,...,m,4)7. For ¢ = 1,--- ,n, m+ represents the proportion of capital
invested in the i*" risky asset at time ¢. The portfolio is self-financing and includes, as mentioned

previously, a riskless asset that grows at a constant rate r. Then the value process of the investor’s



portfolio, denoted by {X;}o<t<T, evolves according to

= ds; "
dXt = Zﬂ-i,tXt Sli —+r (Xt — Zﬂ-i’tXt> dt
i=1 it

=1

= rXidt + Z(Mi(t, Gi,t) — T)ﬂi,tXtdt + Z Z Oij (t)ﬂi,tXtde,t
i=1 i=1 j=1

2.1 Portfolio optimization for different investors

We study portfolio optimization problems for the three aforementioned types of investors—brown,
green, and mized investors. Consider a standard exponential utility function U(x) = —e™ 7" with
a risk aversion coefficient v > 0. For brown investors who only value their terminal wealth, the

optimization problem is given by

Vob = sup F [—einXT] , (2.8)
weAL

where v, > 0 and A? is the set of admissible strategies for brown investors which is defined according
to their information accessibility and will be made precise later.

For green investors, the utility relies not only on terminal wealth but also on the ESG perfor-
mance of the assets held over the investment horizon. Inspired by Pastor et al. [I8], we consider

the optimization problem

Vi = sup E|—e nXT702 foT(ﬂle)er(T’S)Xsds} 7 (2.9)
TEAI
where AY is the set of admissible strategies for green investors, o > 0 is the risk aversion coefficient
on the ESG performance, w{Gy is the weighted average ESG rating of the portfolio at time s, and
e"(T=5) X, is the future value of the portfolio. The integral fOT (w1G,)e"T=%) X ds is interpreted as
an aggregate wealth-weighted ESG rating, which serves to measure the overall ESG performance
of the investment strategy = over the time period [0,7]. If a green investor has time preference
for the ESG performance of her investment strategy, we may replace the factor e —3) in by

eP(T=5) for some positive constant p to reflect such preference.



For mized investors, who have the same utility function as brown investors whereas the same

ESG information accessibility as green ones, the optimization problem is given by

Vit = Sli}l) E [—6_71XT] , (2.10)
TEA™

where A" is the set of admissible strategies for mixed investors.

To define the admissible strategy sets for the three types of investors, we begin by making precise
the accessible information flow for each of them. The information flow of each type of investors is
represented by a filtration defined below. Recall that all investors observe the price process S of
all assets but have different information accessibility on ESG ratings. Thus, the filtrations may be
different for different types of investors.

Brown investors have partial information on ESG ratings, which includes only publicly available
ratings. So their information set is generated by the asset price process S and the partial ESG rating
process G, which is F? := F3 v .EGI at time t. The filtration F := FS v F&' = {F3v Ffl}ggtST
can be viewed as a successive initial enlargement of the filtration FS by the sequence of ESG
ratings {G }ren, (see, e.g., Jacod [14] and Protter [21, Chapter VI]). Green investors have complete
information on ESG ratings and their information flow is generated by both the asset price process
S and the entire ESG rating process G, which is F9 := FS v FG = {FF v FG}o<i<7. We note
that F9 = FS v FG' v FG* = Fb v FG*. Similar to F” above, the filtration F9 can be viewed as
a successive initial enlargement of the filtration FS by the sequence of all ESG ratings {Gk }ren,-
Mized investors have the same information flow as green investors, so the corresponding information
flow is represented by the filtration F™ = 9.

We define the sets of admissible strategies for the three types of investors below.

Definition 2.1 (Admissible trading strategies) The set of admissible strategies for an investor is
denoted by A, where H = b, g, and m for brown, green, and mized investors, respectively. Any

7w € AP satisfies the following conditions:

(i) 7 is an H-predictable process, where H = F°. 9, and F™ for brown, green, and mized investors,

respectively;

(i) E [fOT X2 (]S, dt| < oo;



(iii) for any 0 <t <T,x € R and v > 0, Eto.81.8 lexp {—71 infi<s<r Xs}] < 00 for any g1 € g1
and B € B, with B defined by (3.3)), for brown investors, and E“*8 [exp {—1 infi<s<1 Xs}] <

oo for any g € g for green and mized investors;

(iv) for green investors, fOT |(w] G) Xt | dt < A almost surely for some constant A > 0.

Remark 2.1 For a brown investor or a mized investor, the specification of the state space g of
the ESG process G does not affect her portfolio optimization problem. However, a green investor

should assign a suitable number to each ESG rating to reflect her ESG utility in the value function

VY defined by (2.9).

3 Main results

In this section, we solve the optimization problems for brown, green and mixed investors. Our main
goal is to provide characterization results for the value functions (2.8)—(2.10) of the three types of

investors and the corresponding optimal portfolio strategies.

3.1 Optimization for brown investors

We first consider the optimization problem for brown investors under the partial information flow
F = FS VFG' with the nonpublic ESG rating process G? being unobservable. The value function
at time t € (0,T) is given by

V) = ess si.lpr [—e_“XT’ Eb} . (3.1)
TE

We adopt the filtering method, by following Gennotte [9], Honda [I3], and Platen and Runggaldier

[20] among others, to solve the optimization problem in a backward recursive way as follows.
e First step: filtered probability given the partial information

The filtering problem in the discrete-time case depends on the possible states and trajectories of
the Markov chain. The key quantity in this setting is the so-called filtered probability with respect

to the filtration F? = FS v IFGI, which is defined as
BF=FE [1{Gg:g}‘]—f\/]:t(;l} = P(G? = g|FD), 0<t<T,g€ go, (3.2)

10



where the second equality holds because the sigma-algebras ]:TG " and fTG2 are independent.

We consider a sigma-algebra equivalent economy under the information flow F® with the filtered
probabilities defined above, and we shall rewrite the optimization problem in this setting. Note
that the filtered probabilities satisfy deg2 3% = 1. Due to this constraint, we arbitrarily fix some
go € go and work with the set g2 = g2 \ {go}. Denote by 3, a random vector containing elements

B8, g € §2. Define a Borel set B C [0, 1]1%2] such that

B=qBel0,1]®: Y ge<1,. (3.3)

g€d2

The vector of conditional mean return rates is given by

— 1
B, = E[u(t,Gy)|FP v FE]
= Y E [1{Gf:g2} ]:ts\/ftcl] n(t, Gy, g2)
g2€02
= Y B8u(t, Gl g) + B u(t, G, o)
82602
= p’(taG%:/Bt)' (34)

Let D(S;) denote an n x n diagonal matrix with S;; being its ith diagonal element. Define a

stochastic process W = {V_Vt}ogth with W, = (let, ey Wnyt)T such that Wy = 0 and

dW; = o]27'D(S;)71dS; — o] 3 ja,dt (3.5)
= o3 (udt + 0 dW,) — o] 2, ,dt

= AW, +olS; (y — ), (3.6)
where the last step holds because o] X, Lo, is an identity matrix (see the proof of Lemma A.1 of
Liu et al. [L6]). It is easy to see that W;; = W, for 0 <t <T andi=1,...,n;.

Lemma 3.1 The process W is an n-dimensional standard Brownian motion with respect to the

filtration F® under the probability measure P.

For the ease of reading, we postpone the proofs of all Lemmas [3.IH3.5] of Section [3.1] to Appendix
Al

11



From (2.7) and (3.6]), the value process of the investor’s investment portfolio follows the SDE

dXt = Xt (T‘ + 71'2-015) dt + Xt (WIO'tth)

= Xt (T + Wzét) dt + Xt (TFIO'tth) 5 (37)

where 8; = 1, —r1. Using the above notation, we can express the value function th given by (i3.1)

in this FP-equivalent economy as

VO(t, Xt,Gl,B,) = esssup E [—e*““XT‘ ff} . (3.8)
weAb

e Second step: recursive resolution method for a system of one-period optimization problems

We employ a backward induction approach to solve the optimization problem ({3.8]), which
involves decomposing the value function into a recursive system based on the transition times of
the Markov chain (see, e.g., Jiao et al. [I5]). This approach reduces the initial global problem to
solving a system of one-period optimization problems defined by below.

Fort € [k—1,k) for some k € {1,...,T}, consider a one-period optimization problem for brown

investors given by

V(L 2,81, 8) = suEb Ehuenp [fe_'ymr(T_k)Xk_hk(ﬁ’“*)} ; (3.9)
e

where hi : B — R, is a bounded function.
The condition G} = g7 in (3.9) implies that G = g for all k — 1 < s < k, but the value of G2

for any kK — 1 < s < k is unknown to brown investors. Thus, the vector of conditional mean return

rates (3.4 becomes
o = (s, g1, 8,), E—1<s<k. (3.10)

Define a stochastic process WS = kalJrs — Wi_1,0 < s < 1, where the process W is given by

B).

Lemma 3.2 Given that G} = gy for some t € [k — 1,k), the process W is an n-dimensional

{.F]CS_1+S}0SS<1 standard Brownian motion under the probability measure P. Moreover, for any

12



F-measurable and integrable random variable & independent of the Brownian motion W, we have
s s holts 1 s ST\ T\
PEFS ) = BEFE A+ [ (o130 (B (1) 75) — muBEFS)) dWaisn (1)

for 0 <s < 1.

For any g2 € g2 and 0 < s < 1, applying Lemmawith &= I{Gi,lzgz} yields

k—1+s .
Boo pE /k (oI (g — ) BE) AW (312)

For a measurable function w = w(t,z,g1,08) on [k — 1,k) x R x g1 x B such that w(-,-,g1,-) €

C122([k — 1,k) x R x B) for any g; € g1, define an operator LT by

1 _
Tw = w+rrw, + B (7TEm) 2°wee + (770) 2w, + Z (rToa(t, 3,81,82)) Wype:
82602

1
+§ Z Z a(tvﬁaghgi)Ta(tvﬁvglvgj)wﬁgiﬁgj'

gi€J2 g €02

where

a(tvﬁaglagZ) - o';frzt_l (I’I’(tv g1, g?) - ﬁ(t,gl,ﬁ)) BgQ' (313)

To derive an analytical expression for the value function (3.9)), we first establish the following

verification lemma:

Lemma 3.3 Let w = w(t,z,g1,3) be a measurable function on [k — 1,k) Xx R x g1 x B such that

w(-, - g1,") € CY22([k — 1,k) x R x B) for any g1 € g1, and that
lw(t, z,g1,8)] < e‘"’ler(Tﬁ)x, (t,x,g1,8) € [k —1,k) x R x g1 x B. (3.14)

(i) Suppose that

max LTw < 0, (t,x,81,8)€k—1,k)xRx g x B, (3.15)
™
ltiﬁlw(t,l‘,ghﬁ) = w(k—,x,gl,ﬂ)
> —eiVlET(T?k)x*h’“(ﬁ), (r,g1,8) € R x g1 x B. (3.16)

13



Then we have

w(t,z,g1,0) > sup EH"81P [—eﬂld‘(ﬁk)Xk_hk(ﬂF)] (3.17)
TEAL

for all (t,x,g1,B3) € [k —1,k) x R x g1 x B.

(ii) Suppose further that w(k—,z,g1,3) = —6_716T(T_k)m_hk(ﬁ), there exists a measurable function

7 (t,x,81,8) on [0,T] x R x g1 X B such that
max LTw = LT w =0 (3.18)
Tv

for all (t,z,g1,B) € [k —1,k) x R x g1 x B, and that #* = {7*(t, X;, G}, B) }o<i<r € AL
Then we have

w(t,z,g1,B8) = EX84 —e—”ﬂer(T"")X’v—"k(ﬁkﬂ (3.19)
for all (t,x,g1,B3) € [k —1,k) x R x g1 x B.

The lemma below gives an analytical expression for the value function (3.9) along with the
optimal portfolio strategy. The probability measure P therein will be used to derive an analytical

expression for the value function of brown investors.
Lemma 3.4 Define a probability measure P on Fb = .7-"; \/]_-g;l via the Radon—Nikodym derivative

P T e T
- = eXp 4§ — HtEt O'tth—* BtEt Otdt 5 (320)

and, fork—1<t<k,k=1,....T, let
k Pl k_T -1p 1
A (taglal@):E 5 0525 08d5+hk(16k—) Gt :gh/@tZIB .
t

Suppose A¥(t,g1,-) € C%(B) for anyt € [k — 1,k) and g1 € g1, and there exists L > 0 such tha

B

2The verification of the boundedness condition on the partial derivative AE (t,g1,0) is left as an open question. We
would like to point out that this does not affect the application of our theoretical results. In particular, for numerical
studies, we can draw a plot of A" (t,g1,0) against each filtered probability %2, holding other quantities fixed, to
check whether the condition is satisfied, and we can numerically approximate the partial derivative AZ (t,g1,0) to
compute the optimal portfolio of a brown investor.

dAR(t, g1,

14



where || - ||o is the supremum norm. Then the value function (3.9) for (t,z,g1,8) € [k —1,k) x

R x g1 X B is given by
Vb,k:(t’%gl’ﬁ) _ _6_716r<T,t)x—Ak(t,g1,ﬁ)7 k=1,...,T. (3.22)

Moreover, the optimal portfolio strategy is given by

| .
Re @ t)zt ! 0, — Z (”’(t7 G%7 g2) - l‘l’t) 5tng§gZ (t7 G%? ﬁt) (323)
g2€02

7l =
fork—1<t<kk=1,...,T.
The following result regarding 5£2 in (3.23)) will be used to prove Proposition

Lemma 3.5 For any g € go, we have

~

= B prge k=1... (3.24)

g€g2

e Third step: value function for brown investors

We can now apply the above one-step result recursively in a backward manner from the terminal
time 7" to the initial time 0, and deduce the value function Vob together with the optimal portfolio
strategy. Recall that the auxiliary probability measure P is defined on ]—'{,’1 via the Radon—Nikodym
derivative (3.20). For T —1 <t < T, let

~ 11 T L
fr(t,g1,8) = B [2/ 0I3,'0.ds| G} =g1,8, =8| .
t

Fork—-1<t<kk=1,...,T—1,let
pll i 0 kg
folt.g1,8) = E" | /t 01, '0ds —In [ Y pig ge B8O ) 1G) = g1,8, =8
g€

Now we are ready to present our first main result:
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Proposition 3.1 Fork =1,...,T, suppose fx(t,g1,-) € C*(B) for anyt € [k —1,k) and g1 € g1,

and there exists L > 0 such that

H‘WH <L k-1<t<kg €g,B¢€B,

B

o0

then the value function (3.8) for (t,z,g1,8) € [k —1,k) x R x g1 x B is given by
VO(tz, g1, 8) = —e e Ve fultens), (3.25)

Moreover, the optimal portfolio strategy is given by

L i1 g T Ofilt: Gi. 5
s e Z ((t, G g2) — ) thﬁc(aﬂg;t)

g2€02

(3.26)

fork—1<t<kandk=1,...,T.

Proof. First the expression for T —1 <t < T and the corresponding optimal portfolio
strategy follow immediately from Lemma with Kk =T and hy = 1.

Next we consider the time interval [T — 2,7 — 1). From , Br-1 = H(B(r_1)-), where
H(3) is a deterministic function of 3. Note that the value process X is continuous almost surely.

By the dynamic programming principle, we have

V(t,:)j‘7g17/6)

— sup EbTen8 [V(T -1, X7r_1, G%ﬂ,l,,ﬁ{r_l)]
reAb

r X T

= sup Et®8B | _e e Xr1 oy d P / lélﬁglésds
meAb L T_1 2

= sup Fte.glB '_e_ylerXT,l—fT(T—1,G1T71,H(5(T,1),))}

v )|
reAb

= sup Ete.es -E' [_e_'VleTX(T—l)—_fT(T_laG%"_l’H(ﬁ(Tfl)f)))f(bT_l)_iH
TeAb -

= fgfb Eta.es :_e*'YISTX(T—l)—E [e*fT(T*LGlT_pH(,@(T_l)—))’ G%T—l)f =g, ﬁ(T_l)_H

= sup Et,ﬂ%glvﬁ _6_7167“XT71 Z pLgl’ge—fT(T—l,g,H(ﬁ<T71>7))

b ~
reA &ca
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The function fr(-,-) is bounded because of (A.6). Apply Lemma again with k =T — 1, we

obtain

V(ta xvgb/@)

_ _6_7167'<T7t)33

R 1 T-1 B ~
X exp EP _2/ 0;2;105018 +1n Z pLglge*fT(Tfl,g,H(ﬁ(T—l)f)) G% =g,8,=p0
t

g€g1
— _e—vler(T_t)w—fTﬂ(tgnﬁ)‘

Moreover, the optimal portfolio strategy is given by (3.26)).

Lastly, we complete the proof for all ¢t € [0,T) by repeating the above procedure. m

When all of the ESG ratings are unobservable to brown investors, i.e., n; = 0, the value function

(3.25) can be simplified to
Vi(t,z,8) = —e e eS8 0<t<T,BeB,

where

~T1 /T _ B
f(t,ﬂ>=EP[2 / 0,3, 10,ds
t

B = /@] :
Moreover, the optimal portfolio strategy is given by

1 _
T %Xte t t g (H( ,8) — B )

gE€02

Of(t, B)

ope ’

0<t<T.

In the following remarks, we investigate the components of the optimal portfolio of a brown

investor.

Remark 3.1 (Local mean-variance portfolio) Given the information set F7, the conditional mean
and the conditional variance of dXy in (3.7) are respectively Xy (r + ] 0y) dt and X7 (7] Xym,) dt.

Consider the mean-variance optimization problem

max (Xt (7’ + 71';{9,5) dt — %X? (W;Etﬂ't) dt) .
¢
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It is easy to verify that the mazximizer is

1 _
o > lo,. 3.27
! ’YlXt £ ot ( )

Similarly, using the expression ([2.7) for dX; and conditional on F{ or F" we consider
max (Xt (7’ + ﬂ'IBt) dt — %XE (7’?;21571}) dt) s
Tt

which yields the mazximizer
1

= > lo,. 3.28
’YlXt e ( )

u

We refer to the portfolios (3.27) and (3.28) as local mean-variance portfolios, following the Markowitz

framework.

Remark 3.2 (Hedging portfolio) Pmposition shows that the optimal portfolio (3.26) of a brown
investor is a combination of the riskless asset, the local mean-variance portfolio (3.27)), and the

following portfolio

1

o (T—t) _ ofr(t, G}, B
e T [ S (e, Gl — ) g G S

g2€02

Voo, (t, X¢, GL,
e (8, Xy tﬁt)) | (3.29)

= 2t_1 Z (/’l’(tagtlagQ)_p/t) th <_ b I
g2€02 Xtvxx(t7Xta Gt;ﬁt)

where the above equality follows from (3.25).
Given that X; = z,G} = g1, and B, = B, the demand for the i’ risky asset in the portfolio

(13-29) can be written as

Vi (t, 2,81, 8) OVl /038
382 \" ) T
R S P a7
v 82 ( xVh (t,z,g1,0) 8 < ovb/dx )

82€02 g2€02

for some constants l; g,,82 € g2. From the above expression, we observe that the portfolio (3.29)
reflects the demand for hedging against unfavorable shifts in the filtered probabilities (see, e.g., the
analysis in Merton [17, Section 5]). Here, an unfavorable shift in the filtered probability 382 is

understood as a change in 382 such that the marginal utility of wealth V! will decrease for a given
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level of wealth. We refer to the portfolio (3.29) as a hedging portfolio.

3.2 Optimization for green investors

The optimization problem for green investors, who utilize the complete information on both asset
prices and ESG ratings, is conducted under the filtration F9 = FS v FS. We introduce the value
function as

VI(t, Xy, Gy) = esssup B | —e X772 [ (71Go)er M9 X,ds
TEAI

]-"tg} : (3.30)

Similar to the case of brown investors, we will employ a backward induction approach which
involves solving a system of one-period optimization problems defined by (3.31]) below. Consider
the time interval [k — 1,k) for some k € {1,...,T}. For green investors, we study a one-period

optimization problem given by

r(T— k r(T—s
VIk(t,x,g) = sup EHTE [—e‘”le (T=k) X =2 [ (w1 Gs)er ™ )Xst}
weAI

= sup B8 [N g X (3.31)
weAI

Given the complete information on ESG ratings with G; = g, the value process of the investment

portfolio follows the SDE
dXs = Xs (r+7l0(s,g))ds + Xs (wlosdWy), E—1<s<k. (3.32)

For a measurable function w = w(t,z,g) on [k — 1,k) x R x g such that w(-,-,g) € C?([k —

1,k) x R) for any g € g, define an operator LJ by
- 1
LIw = wy + rew, + 710(t, g)w, + iﬂ'Tthwm.

To solve for the value function (3.31)), we first establish the following verification lemma. The proofs
of Lemmas [3.6] and [3.7] can be found in Appendix A.2.

Lemma 3.6 Let w = w(t,z,g) be a measurable function on [k —1,k) x R x g such that w(-,-,g) €
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CY2([k — 1,k) x R) for any g € g, and that
r(T—t)

wit,z,g) < e T (ag) ek —1,k) xR x g. (3.33)

(i) Suppose that

max {L’gw — v (wTg) er(T_t):I;w} < 0, (t,x,g) e [k—1,k) xRxg, (3.34)
T
lmu(t,z,g) = w(k—zg) > — " (g eRxg  (339)
Then we have
w(t,x,g) > Sél}:g EHT8 [_efvleT(T_k)Xk*’Yz [F(wlg)erT=9) X ds (3.36)
™
for all (t,x,g) € [k —1,k) x R x g.
(ii) Suppose further that w(k—,z,g) = —e‘Wler(T_M‘”, there exists a measurable function w*(t,x, g)
on [0,T] x R x g such that
max {E%’w — 72 (7Tg) er(T_t):Ew} = LT w =y (()7g) T Dgw =0 (3.37)

for all (t,x,8) € [k —1,k) x R x g, and that * = {7*(t, X;, G¢) }o<t<T € AY. Then we have
w(t,z,g) = BHo8™ | e e TTHX—y ff((w;‘)Tg)e“T—@Xsds}

for all (t,x,g) € [k —1,k) x R x g.

The lemma below gives an analytical expression for the value function (3.31). The results are

verified by Lemma [3.6} see Appendix A.2.
Lemma 3.7 The value function for (t,z,g) € [k —1,k) xRxg,k=1,...,T, is given by

_ L
Vg,k(t7 z, g) — _e—’ne’"(T t)az—ftk %(0(8,%)-"-:%%) 3 ! (0(s,g)+%g)ds‘ (338)
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Moreover, the optimal portfolio strategy is given by

1

e—'r(T—t)Eflet + le—T(T—t)Efthv 0 S t S T. 3.39
N Xt ! '

g _
ad =
t 2
'71Xt

For green investors, the value function (3.30) and the optimal portfolio strategy are given by:

Proposition 3.2 The value function for (t,xz,g) € [0,T) x R x g is given by

T
VI(t,2,8) = —e 1 T E | o7 L 164226y ) =01 (0.4 22G ) ds G, — g} ' (3.40)
The optimal portfolio strategy is given by
L (Tt V2 (T—t)
wd = e"T-Ux-1g, + eI Yy-1G,, 0<t<T. 3.41
LomX Lo VX L N (3.41)

Proof. First consider t € [T'— 1,T). Recall the ESG rating process (2.2)), we have G; = Gp_; for
T —1<t<T. Then the value function (3.30) can be written as

VI(t,z,g) = sup EHTE [_mlxzﬂz ftT(w;g>e’“<T-S>Xsds}
wEAI

)

which reduces to the one-period optimization problem (3.31]) with £ = 7. Apply Lemma with

k=T, we get
VIt z,g) = _6771eT(T—i)xfftT bg(s)ds_
where
1 Tl
be(t) = 5 (O(t,g) + Wg) z;! (O(t,g) + wg) : (3.42)
ga! §a!

Using the identity G; = Gp_1 for T — 1 < t < T again, the above expression for VI(t, z,g) can be
written as . Moreover, the optimal portfolio strategy is given by . This completes the
proof for t € [T'—1,T).

Next consider ¢ € [T — 2,7 —1). Recall (2.2)), in which {Gy}ren, is a Markov chain. It is

easy to see from (2.7) that X7_1 = X(p_;)_ almost surely. From these observations, the dynamic
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programming principle, and (3.40) with ¢ =T — 1, we derive

Vi(t,z,g)
[ _ T—1,_71 r(T—s)
= sup EV8 e (rig)e Xsdng(T—l,XT,l,GT,l)}
wEAI -
= sup Et,a:,g _e—vg tTfl(ﬂ'lg)eMT*S)Xsds (_e—’herXT_l—f;ﬂll bGs(s)ds>]
weAI -

T T—-1)— r(T—s T
— sup Eteg | g [_6716 X(r—1)——"72 N (7lg)erT=9) Xods— [, bay_, (s)ds
weAI

ro |
For ]

Grime]

i r —1)— r(T—s T
= sup Etes | _emme Xr_1——72 S (mlg)er™ )XstE [6_ Jr_1bar_(s)ds
weEAI -

- - . T
= sup E'""8 —e e Xr1—72 - 1(7"lg)€r(T7“‘>XstE [6_ Jr_1bap , (s)ds
weAI

- E [67 fq?—1 ba, (s)ds

r T— r(T—s
Gy = g} Sél}i)g JoEE |:_6771e Xr_1—72 [; I(ng)e T )Xsd5:| ) (3.43)
T

Applying Lemma [3.7] again with K =T — 1, we obtain

sup EhTe [76_71@TXT71_72 ftTil(“lg)er(T_s)Xst} _ 76—’716T(T_t)f—ftT71 bg(s)ds, (3.44)
weAI

where bg(-) is given by (3.42). From (3.43)), (3.44)), and that G; = Gp_p forall T —2 <t < T —1,
we obtain (3.40). Moreover, the optimal portfolio strategy is given by (3.41). This completes the
proof for t € [T'—2,T —1).

Lastly, we complete the proof for all ¢t € [0, 7] by repeating the above procedure. m

Remark 3.3 (ESG portfolio) For a green investor, her optimal portfolio (3.41)) includes, in addi-
tion to the riskless asset and the local mean-variance portfolio (see Remark , an ESG portfolio
with weights proportional to E;th. This portfolio provides an additional weight toward higher

ESG-rated assets, reflecting the green investor’s preference for such assets.

3.3 Optimization for mixed investors

In terms of information considered, the case of mixed investors is similar to that of green investors,

and the corresponding filtration is F™ = FS v FG = F9. We consider the value function

V™(t, X, Gi) = esssup E [—e‘“XT‘ f;m] ) (3.45)
TEA™
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The optimization problem can be solved by going along the same lines as the proof of Proposition

with v set to 0, leading to the following:

Proposition 3.3 The value function defined by for (t,xz,g) € [0,T) x R x g is given by

V3, g) = —e eI [ S 0T s
) )

G = g} . (3.46)

Moreover, the optimal portfolio strategy is given by

1

———"0) SV 0<t<T. 3.47
! Y1 Xt e B ( )

For a mixed investor, her optimal portfolio consists of the riskless asset and the local mean-
variance portfolio, making her portfolio choice resemble that of a classical Markowitz framework.
Moreover, the three types of investors perceive the mean return rates of the risky assets differently,

as explained below.

Remark 3.4 (Mean return rates) Rewrite respectively the optimal portfolios (3.26), , and
of the three types of investors as

1
b _ —T(T—t)zfl b 1
T, = —e rl),
t e t (12 )
wf = e TS (),
71Xt
1
A e Tty -1 —rl),
t "X, t (12 )

where

) ) ofi(t,Gi,B
W= - Y (u(t,Glegs) — i) thk(aﬁgit)’

g2€02

2
u! = p+ =Gy
71

For a brown investor, the vector of mean return rates pl is adjusted by a term reflecting the
hedging demand explained in Remark . For a green investor, the vector of mean return rates pf

is ESG-adjusted. In particular, the ESG-adjusted mean return rate of an asset increases when its
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ESG rating improves and decreases when its ESG rating worsens. Moreover, the amount of this

adjustment depends on the green investor’s relative risk aversion, measured by v2 /1.

3.4 Utility indifference values

In this section, we study the equivalent monetary value of the hidden ESG information for a
brown investor, expressed in terms of its utility indifference value, following Amendinger et al. [I].
Suppose the wealth of the brown investor at time 0 is a constant x, the utility indifference value
of the hidden ESG information is defined as the lump sum amount that she is willing to pay to
acquire the information so that her expected utility remains unchanged. This value can also be
interpreted as the maximum amount that the brown investor is willing to pay for the hidden ESG

information.

Definition 3.1 The utility indifference value of the hidden ESG information, denoted by UGQ, 18

defined as the solution of the equation

u(z) = u™(z — UGQ)

Y

where ub(x) = E[V?(0,z,G}, By)] and u™(z) = E[V™(0,z, Go)].

For any g € go, the filtered probability
B§ = P(G{ = glo(S0)) = P(G§ = g)

is nonrandom. By (3.25)) and (3.46)), we have

ub(:t) _ _e—fylerTxE €_f1(t7Gévﬁ0):|’

. T 1 -1
um(a) = e e [ I j0Tm 0]

Therefore,
) E [e—fl(t,cé,,@o)}
2
v = —¢Tn T
M E [e_fo 101=; 193(13}

It follows from Proposition and Definition that 7wt € Ab C A™. By virtue of the definitions
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of the value functions V® and V™, it is trivial that u®(x) < v™(z). Thus, the utility indifference
value v&* > 0. The implication is that the hidden ESG information is valuable in that a brown
investor can increase her maximized expected utility when the information can be accessed without
any cost.

Apart from the utility indifference value of the hidden ESG information, it is also interesting to
study the utility indifference value of the ESG-related non-pecuniary benefits for a green investor
defined below. In , v9 can be interpreted as the monetary value that the green investor is

willing to accept to disregard her ESG preferences in utility maximization.

Definition 3.2 The utility indifference value of the mon-pecuniary benefits that a green investor

derives from her ESG preferences, denoted by v9, is defined as the solution of the equation
w(z) = u™(z +0v9). (3.48)

where u9(x) = E[VI(0,z,Go)] and u™(x) = E[V™(0,z, Go)].

Recall the value functions (3.40)) and (3.46)). By Definition we have

T 1 o Ts—1 b _
ComeTag [ t(o+26.)"s; (95+ﬁGs)ds} e T g [e_ ST LoTe10,ds

)

which leads to . T
1 E [efo s(e26) Ezl(ﬂsﬂ?@ﬂ
—e¢ ' n

v9 = — =
" E [e— I %9!2;105(15}

It is important to note that the utility indifference value v9 is not necessarily positive. For instance,
if the ESG ratings of the vast majority of risky assets take negative values, then it is likely that v9

is negative.

4 Numerical study

In this section, we conduct a numerical study to illustrate the theoretical results presented earlier.
We focus on the portfolio choices of a brown investor, a green investor, and a mixed investor, and

examine the impact of ESG information on their optimal portfolio strategies.
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We assume that there are n = 2 risky assets. As specified by (2.1)), let the dynamics of the

asset price processes be given by

ds

5 L= (Ghy)dt + a1dWhy, (4.1)
1,t

dSa ¢ 3

52 \ = MQ(GQyt)dt + ()] (PdWLt + vV 1-— 1% dWZ,t) 5 (4.2)

where (Wi, Wo4)7,0 < t < T, is a 2-dimensional standard Brownian motion. The parameters
in and are calibrated using the stock prices and MSCI ESG ratings of the Coca-Cola
Company (Coca-Cola) and Uber Technologies, Inc. (Uber) from October 2020 to November 2024.
During this time period, the rating of Coca-Cola was either AAA or AA, and the rating of Uber
was either A or BB. We assign numeric values 1,0.5, —0.5, and —1 to the ratings AAA, AA, A, and

BB, respectively. The state space of the ESG rating process for the two assets is therefore given by

g= {gl = (13 _0'5)ag2 = (1’ _1)ag3 = (057 _0'5)7g4 = (057 _1)}7

and the transition probabilities are assumed to be

Piri2),(j1,j2) = it ,j1 Qiz,jas (i1,12), (J1,J2) € 9,

where ¢;; = 0.9 if ¢ = j and 0.1 if ¢ # j. Using the maximum likelihood method, we obtain the
parameter values as o1 = 0.16,09 = 0.48, and p = 0.09. Moreover, for the drift coefficients, we
have p1(1) = 0.12, 41 (0.5) = 0.08, p2(—0.5) = 0.22, and pe(—1) = 0.27. For illustrative purposes,
we assume that the ratings of these assets are not publicly available, i.e., n; = 0.

The other model parameters are set as follows: T' = 5 for the investment horizon, r = 0.03
for the risk-free interest rate, and Xo = 10 for the initial wealth. The risk aversion coefficient
associated with the terminal wealth is assumed to be vy = O.5,E| and we will compare two values
for the risk aversion coefficient associated with the ESG performance: o = 0.005 and o = 0.01.

These parameters and the transition probabilities of the ESG rating process are not calibrated.

3We choose 1 < 1 to ensure that the resulting portfolio weights remain within a reasonable range. Large values
of v1 lead to overly conservative positions, which result in impractically small allocations to the risky assets. The
same consideration applies to our choices of ~2.
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In the subsequent study, all (conditional) expectations involved are computed based on a simu-
lation of 20,000 sample paths of either the process { G}, << or the process {8, }+,<t<7 for some
to < T, where Gt = (G1+,Ga,y) and B, = ( 81382, 582, 54)T. Moreover, we consider the five cases

below which represent different ESG scenarios:

C1. P(GO == gl) = 07, P(GO = gg) = 0.1, P(GO = g3) = 0.1, and P(GQ = g4) = 0.1, or
equivalently, 3, = (0.7,0.1,0.1,0.1)T;

C2. P(Go = gl) = 0.1, P(Go = gg) = 0.7, P(Go = g3) = 0.1, and P(GO = g4) = 0.1, or
equivalently, B, = (0.1,0.7,0.1,0.1)T;

C3. P(GO = gl) = 0.1, P(Go = gg) = 0.1, P(GO = g3) = 0.7, and P(GO = g4) = 0.1, or
equivalently, 3, = (0.1,0.1,0.7,0.1)T;

C4. P(GO = gl) = 0.1, P(Go = gg) = 0.1, P(GQ = gg) = 0.1, and P(GO = g4) = 0.7, or
equivalently, 8, = (0.1,0.1,0.1,0.7)T;

C5. P(GO = gl) = 0.25, P(G’() = gg) = 0.25, P(Go = gg) = 0.25, and P(Go = g4) = 0.25, or
equivalently, 8y = (0.25,0.25,0.25,0.25)T.

In the first four cases, each Ci assigns more weight to the ESG ratings g;, while the last case gives
equal weights to all possible ratings.

Table 1| presents the local mean-variance (MV) portfolio, the ESG portfolio, and their combined
value (which corresponds to either the optimal portfolio ()" or #w{) for the mixed investor and the
green investor at time 0, respectively. We consider different ESG scenarios. For both investors, the
ESG ratings are observable and their optimal portfolios are based on the observed ratings.

We note clearly that the ESG ratings affect both the local MV portfolio and the ESG portfolio.
In the ESG portfolio, the weight of an asset is positive (respectively, negative) when its ESG rating
takes a positive (respectively, negative) value. As a result, the optimal portfolio w{ of the green
investor is tilted towards asset 1 with a better ESG rating and tilted away from asset 2 with a
worse ESG rating, compared to 7" of the mixed investor. Moreover, when the green investor has
a stronger ESG preference, indicated by a larger v2, she allocates more (respectively, less) wealth

to asset 1 (respectively, asset 2).
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Panel A: G =1,G29=—0.5
Local MV ESG Combined

Mixed investor Asset 1 0.5715 n/a 0.5715

Asset 2 0.1248 n/a 0.1248
Green investor  Asset 1 0.5715 0.0688 0.6403
2 = 0.005 Asset 2 0.1248 —0.0058 0.1190
Green investor  Asset 1 0.5715 0.1376 0.7091
72 = 0.01 Asset 2 0.1248 —0.0116 0.1132

Panel B: G1p =1 and Gop = —1
Local MV ESG Combined

Mixed investor Asset 1 0.5613 n/a 0.5613

Asset 2 0.1625 n/a 0.1625
Green investor  Asset 1 0.5613 0.0698 0.6311
~v2 = 0.005 Asset 2 0.1625 —0.0096 0.1529
Green investor  Asset 1 0.5613 0.1397 0.7010
v2 = 0.01 Asset 2 0.1625 —0.0191 0.1434

Panel C: G = 0.5 and G2 = —0.5
Local MV ESG Combined

Mixed investor Asset 1 0.3003 n/a 0.3003

Asset 2 0.1329 n/a 0.1329
Green investor  Asset 1 0.3003 0.0349 0.3352
~v9 = 0.005 Asset 2 0.1329 —0.0048 0.1281
Green investor  Asset 1 0.3003 0.0698 0.3701
v2 = 0.01 Asset 2 0.1329 —0.0096 0.1233

Panel D: G190 = 0.5 and Gag = —1
Local MV ESG Combined

Mixed investor Asset 1 0.2901 n/a 0.2901

Asset 2 0.1706 n/a 0.1706
Green investor  Asset 1 0.2901 0.0359 0.3260
~v2 = 0.005 Asset 2 0.1706 —0.0085 0.1621
Green investor  Asset 1 0.2901 0.0719 0.3620
v2 = 0.01 Asset 2 0.1706 —0.0171 0.1535

Table 1. Optimal portfolios for the mixed and green investors. This table reports the local MV
portfolio, the ESG portfolio, and the optimal portfolios (" and 7§ (labeled as Combined) at time
0 for various values of the ESG ratings G, and Ga.
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Case C1: 3, =(0.7,0.1,0.1,0.1)T
Local MV  Hedging Combined
Brown investor Asset 1 0.5152 —0.0151 0.5001
Asset 2 0.1340 0.0005 0.1345
Case C2: B, = (0.1,0.7,0.1,0.1)T
Local MV Hedging Combined
Brown investor Asset 1 0.5091 —0.0199 0.4892
Asset 2 0.1566 —0.0013 0.1553

Case C3: 3, =(0.1,0.1,0.7,0.1)T
Local MV  Hedging Combined
Brown investor Asset 1 0.3525 —0.0126 0.3399
Asset 2 0.1389 —0.0009 0.1380
Case C4: 3, = (0.1,0.1,0.1,0.7)T
Local MV  Hedging Combined
Brown investor Asset 1 0.3464 —0.0088 0.3376
Asset 2 0.1615 —0.0001 0.1614

Case C5: B, = (0.25,0.25,0.25,0.25)T
Local MV  Hedging Combined
Brown investor Asset 1 0.4308 —0.0211 0.4097
Asset 2 0.1477 —0.0007 0.1470

Table 2. Optimal portfolios for the brown investor. This table reports the local MV portfolio, the
hedging portfolio, and the optimal portfolio 7} (labeled as Combined) at time 0 for various values
of the filtered probabilities 3.

Table [2| presents the local MV portfolio, the hedging portfolio, and their combined value as the
optimal portfolio 7r8 for the brown investor at time 0. For the brown investor, the ESG ratings are
unobservable. Her optimal portfolio at time 0 is based on the probability distribution of the ratings
at time 0, which is characterized by the filtered probabilities B,. We observe that the weights
in the hedging portfolio are generally negative, and their magnitudes are much smaller than the
corresponding ones in the local MV portfolio. Moreover, the brown investor allocates more wealth
to asset 1 in cases C1 and C3, compared to the other cases. This is because the filtered probability
of the event {G1 = 1} is 0.8 in cases C1 and C3, and asset 1 has a higher mean return rate when
its rating is 1, i.e., pu1(1) > p1(0.5). Likewise, she allocates more wealth to asset 2 in cases C2 and

C4, compared to the other cases.
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In Figure[2, we plot the optimal portfolio strategies of different investors over time. We consider
the evolution of the ESG ratings as follows: Gg = G; = G2 = (0.5,-0.5), Gz = (0.5,—1), and
G4 = (1,—1). In particular, the ESG rating of asset 2 is downgraded at time ¢t = 3, while the

rating of asset 1 is upgraded at time t = 4.
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Figure 2. Optimal portfolio strategies over time for different investors: up-left for the mixed
investor; up-right for the green investor, down for the brown investor with two cases C3 and C5.

Despite the downgrade of asset 2 at time 3, both the mixed and green investors slightly increase
their holdings of asset 2 due to its higher mean return rate, i.e., po(—1) > pua(—0.5). The adjustment
amount is lower for the green investor, as the ESG rating of asset 2 is negative, resulting in a
negative weight for asset 2 in the ESG portfolio. When asset 1 is upgraded at time 4, both
investors significantly increase their holdings of asset 1 due to its higher mean return rate, i.e.,
u1(1) > p1(0.5). Moreover, the adjustment amount is higher for the green investor, as the ESG
rating of asset 1 is positive, resulting in a positive weight for asset 1 in the ESG portfolio. In

contrast, the brown investor does not make any significant adjustments to her optimal portfolio at
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time 3 and time 4.

Table (3| presents the maximal expected utility values V{, V", and Vob—deﬁned by , ,
and for a given initial wealth Xy = 10 (also denoted as u9(Xy),u™(Xp), and u’(Xp) in
Section —for the three investors at time 0 under various ESG scenarios. We observe that, in all
cases C1-C5, the maximal expected utility of the green investor is greater than that of the mixed
investor, which in turn is greater than that of the brown investor, i.e., u9(Xg) > u™(Xo) > u?(Xp).
When the risk aversion coefficient associated with the ESG performance 79 is larger, the green

investor achieves greater maximal expected utility.

Y2 = 0.005 Y2 = 0.01

u®(Xo) u™(Xo) u9(Xo) u9(Xo)
Case C1: 3y, =(0.7,0.1,0.1,0.1)T —0.00117 —0.00112 —0.00101 —0.00091
Case C2: 3y =(0.1,0.7,0.1,0.1)T —0.00108 —0.00103 —0.00095 —0.00086
Case C3: B, = (0.1,0.1,0.7,0.1)T —0.00142  —0.00138  —0.00131  —0.00124
Case C4: 3y =(0.1,0.1,0.1,0.7)T —0.00130 —0.00126 —0.00121 —0.00116
Case C5: 3y = (0.25,0.25,0.25,0.25)T —0.00125 —0.00120 —0.00112 —0.00104

Table 3. The maximal expected utility values of different investors at time 0 under various ESG
scenarios.

Finally, Table [4| presents the utility indifference value of the hidden ESG information v&” for
the brown investor and the utility indifference value of the ESG-related non-pecuniary benefits v9
for the green investor in cases C1-C5. As explained in Subsection 08 is always nonnegative,
implying that the hidden ESG information is valuable. We observe that vS&” takes the largest value
in case C5 when there is the most uncertainty about the actual ESG ratings of the assets. Moreover,
v9 increases when the green investor has a stronger ESG preference, indicated by a larger ~2. For
a given g, v9 is the greatest in case C1 with P(G19 = 1,G2 = —0.5) = 0.7, corresponding to the
most favorable ESG scenario, and the smallest in case C5 with P(G19 = 0.5,G29 = —1) = 0.7,

corresponding to the worst ESG scenario.

5 Concluding remarks

We consider portfolio optimization problems for three types of investors—brown, green, and mized

investors who have different ESG preferences and ESG information accessibility. We obtain optimal
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Y2 = 0.005 Y2 = 0.01

v& v9 v
Case C1: 3y, = (0.7,0.1,0.1,0.1)T 0.0704 0.1709 0.3655
Case C2: 3, = (0.1,0.7,0.1,0.1)T 0.0728 0.1509 0.3229
Case C3: 3y =(0.1,0.1,0.7,0.1)T 0.0556 0.0830 0.1794
Case C4: 3, = (0.1,0.1,0.1,0.7)T 0.0572 0.0613 0.1388
Case C5: 3y = (0.25,0.25,0.25,0.25)T  0.0757 0.1120 0.2408

Table 4. The utility indifference value of the hidden ESG information v®” and the utility indif-
ference value of the ESG-related non-pecuniary benefits v9 under various ESG scenarios.

investment strategies for these investors and examine the impact of ESG information on their
portfolio choices. Our results offer insights into the different components of the optimal portfolios,
including the local mean-variance component for all investors, the hedging component for brown
investors, and the ESG component for green investors. We show that the utility indifference value
of the hidden ESG information is always nonnegative. In all ESG scenarios considered in our
numerical study, the maximal expected utility is highest for the green investor and smallest for
the brown investor. We also analyze how the transition of ESG ratings can influence the portfolio
choices of different types of investors.

Despite the rapid growth of ESG investing, investors often encounter a significant amount of
uncertainty about the true corporate ESG profile; see Avramov et al. [2]. For example, there is a
substantial ESG rating disagreement between rating agencies; see Christensen et al. [6]. Naturally,
such uncertainty can affect investment decisions. In this regard, it will be interesting to extend the
current study to take ESG uncertainty into account.

Moreover, our work has been carried out under the assumption that the ESG rating process
is driven by a discrete-time Markov chain with deterministic transition probabilities. In reality,
the transition of ESG ratings is a complex process influenced by various risk factors. Thus, it is
worthwhile to extend the current study so that the transition of ESG ratings is determined by

stochastic transition rates that may be correlated with asset prices.
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