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Abstract

Motivated by credit risk modelling, we consider a type of default times whose prob-
ability law can have atoms, where standard intensity and density hypotheses in the
enlargement of filtrations are not satisfied. We propose a generalized density approach
in order to treat such random times in the framework of progressive enlargement of
filtrations. We determine the compensator process of the random time and study the
martingale and semimartingale processes in the enlarged filtration which are impor-
tant for the change of probability measures and the evaluation of credit derivatives.
The generalized density approach can also be applied to model simultaneous default
events in the multi-default setting.
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1 Introduction

In the credit risk analysis, the theory of enlargement of filtrations, which has been
developed by the French school of probability since the 1970s (see e.g. Jacod [14],
Jeulin [17], Jeulin and Yor [18]), has been systematically adopted to model the default
event. In the work of Elliot, Jeanblanc and Yor [10] and Bielecki and Rutkowski [2], the
authors have proposed to use the progressive enlargement of filtrations to describe
the market information which includes both the ambient information and the default
information. Let (Q2,.A,P) be a probability space equipped with a reference filtration
F = (Fi)i>0 representing the default-free market information. Let 7 be a positive random
variable which represents a default time. Then the global market information is modelled
by the filtration G = (G;):>0, which is the smallest filtration containing I such that
is a G-stopping time and G is called the progressive enlargement of F by 7. In this
framework, the reduced-form modelling approach has been widely used where one often
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Generalized density approach

supposes the existence of the G-intensity of 7, i.e. the G-adapted process (), ¢ > 0) such
that (<4 — fomt Asds,t > 0) is a G-martingale. The process ), also called the default
intensity process, plays an important role in the default event modelling. More recently,
in order to study the impact of default events, a new approach has been developed
by El Karoui, Jeanblanc and Jiao [8, 9] where we suppose the density hypothesis: the
F-conditional law of 7 admits a density with respect to a non-atomic measure 7, i.e. for
all6,t > 0, P(r € d|F:) = a¢(0)n(df) where o4 (-) is an F; ® B(R; )-measurable function.
The density hypothesis has been firstly introduced by Jacod [14] in a theoretical setting of
initial enlargement of filtrations and is essential to ensure that an [F-martingale remains
a semimartingale in the initially enlarged filtration. There exist explicit links between
the intensity and density processes of the default time 7, which establish a relationship
between the two approaches of default modelling. In particular, the density approach
allows us to analyze what happens after a default event, i.e. on the set {r < t}, and has
interesting applications in the study of counterparty default risks. We note that, in both
intensity and density approaches, the random time 7 is a totally inaccessible G-stopping
time which avoids F-stopping times.

In this paper, we consider a type of random times which can be either accessible or
totally inaccessible. The motivation comes from recent sovereign credit risks where the
government of a sovereign country may default on its debt or obligations. Compared
to the classical credit risk, the sovereign default is often influenced by political events.
For example, the euro area members and IMF agree on a 110-billion-euro financial aid
package for Greece on 02/05/2010 and another financial aid program of 109-billion-euro
on 21/07/2011. The eventuality of default-or-not of the Greek government depends
on the decisions made at the political meetings held at these dates. Viewed from a
market investor, there are important risks that the Greek government may default at
such critical dates.

From a mathematical point of view, the existence of these political events and critical
dates means that the probability law of the random time 7 admits atoms. Hence the
sovereign default time can coincide with some pre-determined dates. In this case, the
classical default modelling approaches, in particular, both intensity and density models
are no longer adapted. To overcome this difficulty, we propose to generalize the density
approach in [8]. More precisely, we assume that the IF-conditional law of 7 contains a
discontinuous part, besides the absolutely continuous part which has a density. This
generalized density approach allows to consider a random time 7 which has positive
probability to meet a finite family of IF-stopping times.

There are related works in the credit risk modelling. In Bélanger, Shreve and Wong
[1], a general framework is proposed where reduced-form models, in particular the
widely-used Cox process model, can be extended to the case where default can occur
at specific dates. In Gehmlich and Schmidt [12], the authors consider models where
the Azéma supermartingale of 7, i.e. the process (P(7 > t|F})):>0 contains jumps (so
that the intensity does not exist) and develop the associated HJM credit term structures
and no-arbitrage conditions. Carr and Linetsky [3] and Chen and Filipovi¢ [4] have
studied the hybrid credit models where the default time depends on both a first-hitting
time in the structural approach and an intensity-based random time in the reduced-form
approach. The generalized density model that we propose can also be viewed as hybrid
credit model.

In this paper, we first investigate, under the generalized density hypothesis, some
classical problems in the enlargement of filtrations from a theoretical point of view.
In particular, we deduce the compensator process of the random time 7, which is
discontinuous in this case. This means that the intensity process does not necessarily
exist. We also characterize the martingale processes in the enlarged filtration G and
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obtain the G-semimartingale decomposition for an F-martingale, which shows that in
the generalized density setting, the (H’)-hypothesis of Jacod (c.f. [14]) is satisfied, that
is, any F-martingale is a G-semimartingale. The main contribution of our work is to
focus on the impact of the discontinuous part of the [F-conditional law of 7 and study the
impact of the critical dates on the random time.

For applications of the generalized density approach, we study the immersion prop-
erty, also called the H-hypothesis in literature, i.e., any IF-martingale is a G-martingale,
which is commonly adopted in the default modelling. We give the criterion for the
immersion property to hold in this context. The immersion property is in general not
preserved under a change of probability measure. As one consequence of the characteri-
zation results of G-martingales, we study the change of probability and the associated
Radon-Nikodym derivatives. Another application consists of a model of two default times
where the occurrence of simultaneous defaults is possible. In the literature of multiple
defaults, it is often assumed that two default events do not occur at the same time. The
generalized density framework provides tools to study simultaneous defaults, which is
important for researches of extremal risks during a financial crisis.

The paper is organized in the following way. In section 2, we make precise the
key assumption of the generalized density approach and deduce some basic results.
The Section 3 is devoted to the compensator of 7 and we conduct the additive and
multiplicative decompositions of the Azéma supermartingale. In Section 4, we study the
decomposition of G-semimartingales in the generalized density framework by carefully
dealing with the discontinuous part of the IF-conditional distributions of 7. Section 5
concludes the paper with applications to the immersion property and a model where
double default is allowed.

2 Generalized density hypothesis

In this section, we present our key hypothesis, the generalized density hypothesis, and
some basic properties. Let (2, A, I, P) be a filtered probability space where F = (F;)¢>0
is a reference filtration satisfying the usual conditions, namely the filtration I is right
continuous and Fj is a P-complete o-algebra. We use the expressions O(IF) and P(IF) to
denote the optional and predictable o-algebras associated to the filtration IF respectively.
Let 7 be a random time on the probability space valued in [0, +o0]. Denote by G = (G;)¢>0
the progressive enlargement of I by 7, defined as G, = (., (c({7 < u} :u < s)) V F,
t > 0. Let (7;))¥, be a finite family of F-stopping times. We assume that the F-conditional
distribution of 7 avoiding (7;)_, has a density with respect to a non-atomic o-finite Borel
measure 7 on R,. Namely, for any ¢ > 0, there exists a positive F; ® B(R.)-measurable
random variable (w,u) — a;(w,u) such that, for any bounded Borel function » on R,
one has

B[l yh(r) | F)] = /R hw)as(w)n(du)  P-as., @.1)
+
where H denotes the event

N
{r <oo}n n{T £ 7}
i=1
In particular, the case where the function A is constant and takes the value 1 leads to the
relation
Ely | F] = / ag(u)n(du)  P-as.
Ry

Remark 2.1. The above assumption implies that the random time 7 avoids any IF-
stopping time ¢ such that P(c = 7, < o0) =0 foralli € {1,--- , N}. Namely for such
F-stopping time o one has P(7 = ¢ < c0) = 0. However, the random time 7 is allowed to
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coincide with some of the stopping times in the family (7;))¥.; with a positive probability.
Moreover, without loss of generality, we may assume that the family (7;)Y, is increasing.
In fact, if we denote by (7(V)YY, the order statistics of (7;)}Y,, then

{r <oo}n ﬂ{r #7t={r<oo}n ﬂ{T £ 70},

The following proposition shows that we can even assume that the family (7)Y, is
strictly increasing until reaching infinity.

Proposition 2.2. Let (1;))Y., be an increasing family of F-stopping times. Then there
exists a family of IF-stopping times (sz')fL which verify the following conditions:

(a) For any w € Q and i,j € {1,--- ,N}, i < j, if 0;(w) < o0, then o;(w) < oj(w);
otherwise, o;(w) = oo.

(b) Foranyw € Q, one has {01 (w), - ,on(w),0} = {1 (w),- -+ ,7n(w), 00}, which implies

N

{7'<oo}ﬂn{7'7é7'i}:{7'<oo}ﬂﬂ{r;«éai}.

i=1

Proof. The case where N = 1 is trivial. We prove the result by induction and assume
N > 2. Let 7y41 = oo by convention. For each k € {2,--- , N}, let

Er={m=-=1 < oo}

Moreover, for k € {2,..., N}, we define

N

!
T, = LpeT + E Lpa\Eiy Tit1-
ik

Note that for each ¢ > k, the set E; is F,, -measurable. Therefore

N

Vi>0, {r<t}=(Ein{n<tp)ulJ ((EZ- \ Eis1) N {1is1 < £}
i=k

€ Fi,

N—

so 7;, is an IF-stopping time. By definition one has 7y < 75 < --- < 73y < 75, Where
Ty41 = 0. One also has, for any w,

{n(w) 2w v W)} = {nW), nWw), - v @)}

Moreover, the strict inequality 71 < 74 holds on {r; < oco}. Then by the induction
hypothesis on (73, -+, 7)), we obtain the required result. O

For purpose of the dynamical study of the random time 7, we need the following
result which is analogous to [14, Lemme 1.8].

Proposition 2.3. There exists a non-negative O(F) ® B(R.)-measurable function a(-)
such that a(#) is a cadlag F-martingale for any § € R, and that

E[lgh(T)|F] = . h(uw)ay(u) n(du)  P-a.s. (2.2)

for any bounded Borel function h.
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Proof. Let (ay(-))i>0 be a family of random functions such that the relation (2.1) holds
for any ¢t > 0. We fixe a coutable dense subset D in R, such as the set of all non-
negative rational numbers. If s and ¢ are two elements in D, s < t, there exists a positive
Fs ® B(R)-measurable function oy s(-) such that

VOER,, ay.(0) =Elos(0)|F] Pas.

Note that for any bounded Borel function &, one has

E[thmw:E[ [ htwjactu) n(aa)

fs} = h(u)oy)s(u) n(du) P-a.s.
Ry

Hence there exists an 7-negligeable set B, , such that a,(u) = oys(u) P-a.s. for any

u € Ry \ Bys. Let B = U, 1yep2 s<¢ Bts and let ay(-) = Ipe(-)ou (") for any t € D. We

then obtain that as(u) = E[a(u)|Fs], P-a.s. for any v € Ry and all elements s,¢ in D

such that s < . Moreover, since B is still n-negligeable, for any ¢t € D,

E[lgh(r)|F:] = / h(u)a(u)n(du)  P-as.. (2.3)
Ry
By [7, Theorem VI.1.2], for any 6 € R, there exists a P-negligeable subset Fjy of €2 such
that, for any w € Q \ Ejy, the following limits exist:
OLH_(W, 0) = SE%I,I}?\H Oét(CU, 9)7 Oét_(W, 9) = selll)Ith Oét(W, 9)
Moreover, we define
at(w7 9)7 if w ¢ E07
0, ifw € Fy.

&t(wﬂ) = {

Then a(f) is a cadlag F-martingale, and therefore the random function «a(-) is O(F) ®
B(R4 )-measurable. We then deduce the proposition from (2.3). O

We summarize the generalized density hypothesis as below. In what follows, we
always assume this hypothesis.

Assumption 2.4. We assume that there exists a non-atomic o-finite Borel measure 7
on R, a finite family of F-stopping times (7;)Y_, such that P(r; = 7; < oo) = 0 for any
pair (i, j) of distinct indices in {1,--- , N}, together with an O(F) ® B(R, )-measurable
function «(-) such that «(0) is a cadlag F-martingale for any 6 € R, and that

E[H{T<m}h(r)ﬁﬂ{#n}‘]—}} _ /R Hon(u)n(d)  Pas

for any bounded Borel function h.

Remark 2.5. 1) The condition P(7; = 7; < +00) = 0 is not essential in Assumption 2.4.
In fact, for an arbitrary finite family of IF-stopping times (7;)Y ,, if we suppose that the
random time 7 has an F-density a(-) with respect to 7 avoiding (7;)¥;, then by Remark
2.1 and Proposition 2.2, we can always obtain another family of [F-stopping times (oi)fil
such that P(o; = 0; < 400) = 0 for i # j and that 7 has an F-density avoiding the family
(04)N ;. Moreover, the F-density of 7 avoiding (o;)Y ; coincides with «a(-).

2) For each i € {1,---,N}, by [6, IV.81], there exists a subset §; € F,, such that
7 = Tillg, + (+00)lqe is an accesible IF-stopping time and 7/’ := 7;1ge + (+00)1g, is
a totally inaccessible F-stopping time. Note that 7 also admits an [F-density avoiding
the family (7/,7)¥, and the IF-density is still a(-). Therefore, without loss of generality,
we may assume in addition that each IF-stopping time 7; is either accessible or totally
inaccessible.
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Example 2.6. We present a simple example as below. Let B = (B;);>o be a standard
Brownian motion and F be the canonical Brownian filtration. Let N = (N;);>0 be a
Poisson process with intensity A > 0. We denote by 7 = inf{¢t > 0: B, = a < 0} and
& =inf{t > 0: N; > 1}, with the convention inf } = co. Define a random time T as

T=m NE.

We compute firstly the conditional distribution of ;. For any 0 < ¢ < 6, one has

. B, —a
P(m > 0|F) = H{Tl>t}IP(tI<r15129 By > a‘Bt) =1 >pyerf <t> ,

2(60 —t)
where erf(z) = % fox e~ dv is the Gauss error function. Next, forany ¢t € Ry,
Bt —a
P(r=mn|F)=P(rn <{F) = ll{ﬁgt}e N SR - A M erf o t) du
w—

So 7 satisfies Assumption 2.4 with the generalized density

a(8) = e M [ﬂ{9<t}ﬂ{ﬁ>9} + ]1{9>t}ll{n>t}erf (Bta)‘| , t>0.
2(60 —t)

Foreachi € {1,---, N}, let p’ be a cadlag version of the IF-martingale (E[M7—7, <00} | Ft])t>0,
which is closed by p._ = E[l{,—;}|F]. We also consider the case where 7 may reach
infinity and denote by p> a cadlag version of the IF-martingale (IE[1l ;;—}|F¢])s>0, which
is closed by p32 = E[ll {;—}|Foo]. Note that Assumption 2.4 implies that, for any ¢ > 0,

N

/ az(u) n(du) + Zpi +p°=1 P-as. (2.4)
Ry i=1
We define
oo N ]
G; = / at(0)n(dl) + Z N7, >eypt + Pp° (2.5)
t

i=1
Note that G, = P(7 > t|F;), P-a.s.. The process G = (G}):>¢ is a cadlag F-supermartingale
and called the Azéma supermatingale of the random time 7. Moreover, for any bounded
Borel function h, one has

N
B h(m)IF) = [ hwar(n(dn) + 3Bl cph(mpl Bl @6
+ =1

The following result shows that any G;-conditional expectation can be computed in a
decomposed form, which can be viewed as a direct extension to [8, Theorem 3.1].

Proposition 2.7. Let Y7 (-) be Fr ® B(R4)-measurable random Varjable such that
1) Ly (7,20 Y7(0)ar(0) is integrable for any 0 € R+ and [g |E[Yr(0)ar(0)]]n(df)
+o0,

2) Ugr, <o} Y7 (7)pL 1 Is integrable for any i € {1,--- ,N}.

Then the random variable 1 (...} Yr(7) is integrable, and for any t < T,

B[l (7o) Y7 (T)|Gi] = Loy Vi + Lip<y Vi(r) P-as. (2.7)

where

- 1 oo
7= MO0 By 0 ORI + 3B oy Ve 71
t i=1
(2.8)
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and

~ 1 a(6)>0 al 1 2 0 7

Vi(0) = 1y 1{9#,.,}%E[me)aﬂo)mwz nw:n}%E[YTm)pT\m o<t.
=1

(2.9)

Proof. We may assume that Yr(-) is non-negative without loss of generality so that
the following proof works without discussing the integrability (as a byproduct, we can
prove the case where Yr(-) is non-negative without any integrability condition). The
integrability of Y (7) results from the finiteness of each term in the following formulas.
The first term on the right-hand side of (2.7) is obtained as a consequence of the so-called
key lemma in the progressive enlargement of filtration ([10, Lemma 3.1]):

Tia,>o0
Lo Bl cooy Y7 (7)|Ge] = ]1{7->t}%E[ﬂ{t<7<m}YT(T)|Ft]'

Note that

o0 N
B[l (1<) <o) Yr(r)| Fr] = / V() ar(u)n(du) + 3" B[l crmr ooy Yr (1) | Fr]
t i=1
+oo N )
- / Yr(uor(un(du) + 3" B[ e r, <oy Yo (70 oz | Fr]
t i=1

which implies (2.8). For the second term in (2.7), we shall prove by verification. Let Z;(+)
be a bounded F; ® B(RR; )-measurable random variable, one has

E[YH(7)Z:() L (<] = E[an}WE[me)ztw)aﬂe)we-r]
N

My i )
+ Z I [H{T:‘nét} {250} E[YT(Ti)Zt (G)PH}}]O:T} .
i=1

Note that
E nm{@}WI@[YT(f))zt(e)aTw)me_f} = E[ / E[YT<0>zt<9>aT<9>|ﬂ]n<d9>}

- / E[Y2(6) Z:(0)ur (6)]0(d6) = E[L (s <y Yr(r) Zo(r)].

Moreover,

I . .
Be [ rr <y~ BV (1) Zu(O)pl Filo=r | = Bl .2 Ve () 20 (i)

t

= B[l {r=r.<iy Y7 (7) Z4(7)]-

Therefore we obtain
B[l <y Y7(7)|G] = L ;<3 Yi(r) P-ass.
since Y;(-) is F; ® B([0, t])-measurable. The proposition is thus proved. O

Remark 2.8. (1) For any integrable Gr-measurable random variable Z, one can always
find a Fr ® B(R.)-measurable function Y7(-) such that I} Z = ;e Y7(7),
P-a.s. and verifies the integrability conditions in the previous proposition. With-
out loss of generality, we can assume that Z is non-negative. We begin with an
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arbitrary Fr ® B(R)-measurable non-negative random function Zr(-) such that
I{rco0}Z = I{;coy Z7(7). Then by Proposition 2.7 in the non-negative case (where
the integrability conditions are not necessary), one has [~ E[Z7(60)ar(60)]n(df) < cc.
Therefore, the set K of §# € R, such that E[Zr(0)ar(0)] = +oo is n-negligeable. By
replacing Zr(-) by zero on the set

N
Qx K)N ﬂ{(w,@) € O x Ry |13 (w) # 0},

i=1

we find another random function Y7 (-) such that Y (r) = Zr(7), P-a.s. Moreover,
Yr(-) satisfies the integrability conditions as in the proposition.

(2) As a direct consequence, for any ¢t < T, one has

N

1 e )
IP(T > T|gt) = H{T>t}a |:/T at(ﬁ)n(dé’) + E E[H{7—1>T}p’11“‘]:t} —|—pt°° s P-a.s..
i=1

(2.10)

3 Compensator process

In the credit risk literature, the compensator and the intensity processes of 7 play
an important role in the default event modelling. The general method for computing
the compensator is given in [18] by using the Doob-Meyer decomposition of the Azéma
supermartingale G. In [8], an explicit result is obtained under the density hypothesis
(see also [11] and [20]) where the compensator is absolutely continuous and the intensity
exists. In this section, we focus on the compensator process under the generalized
density hypothesis.

We introduce the following notations. For any i € {1,---, N}, denote by D’ the
process (]l{ﬂgt})tzo. We use the expression A’ to denote the F-compensator process
of D?, that is, A’ is an increasing IF-predictable process such that M* := D* — A’ is an
F-martingale with M¢ = 0. Note that, if 7; is a predictable IF-stopping time, then A* = D?
and M’ = 0. The following result generalizes [8, Proposition 4.1 (1)]. Here the Azéma
supermartingale G is a process with jumps and needs to be treated with care.

Proposition 3.1. The Doob-Meyer decomposition of the Azéma’s supermartingale G is
given by G, = Gy + M; — Ay, where A is an IF-predictable increasing process given by

¢ N N
A= [Can@n(an) + Y [ pidni+ Y00, (3.1)
0 i=1 /10:t] i=1

Proof. Foranyt >0, let
t
Ci = [ cn®)nias)
0

The process C is F-adapted and increasing. It is moreover continuous since 7 is assumed
to be non-atomic. Note that by (2.5),

00 N
t i=1

The process

Ci + /too ay(0)n(do) = EUOOO ag(0)n(d6) ‘]-'t], t>0
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is a square integrable IF-martingale since

E{(Amaamnwm>j2ELAmnwmwwyLwnwwaam}
= 21E{/OOO aG(G)E[]lAﬂ{T>9}|]:9}77(d9):| <2

Moreover, one has

]]-{-ri>t}pii£ = ]]-{7'7>0}p6 +/ ]]-{T,Ze}dpé - / pgde; - [Divpi]tv
10,] 10,¢]

= 1 i >0400 +/ 1, >sydp) */ pl_dM; */ pi_dAL —[D',p'];,
10,4 10,4 j0.]

)

where o o _
[D',p' = Y ADIAP, =l <iyApt,.

0<s<t

One can also rewrite [D?, p’] as
(D%, p'] = [A', p] + [M*,p'] = [N, p'] + ([M°, p'] — (M, p")) + (M", p').

Note that [A?, p’] is an F-martingale since A’ is F-predictible and p‘ is an F-martingale (see
[7, VIII.19]). Moreover (M, p’) is an F-predictable process such that [M¢, p‘] — (M?, p)
is an F-martingale. Therefore we obtain that

A, =0, +/ pl_dAL 4+ (MY pYy, t>0
10,¢]

is a predictable process, and G + A is an [F-martingale. O

In the following, we denote by AF the process

1
AF ::/ G20 a1 >0 (3.2)
o4 Gs—

which is an FF-predictable process. It is well known that the G-compensator of 7 is
AG = (AE/\t)tZO (c.f. [18, Proposition 2]). We observe from Proposition 3.1 that the
compensator A is in general a discontinuous process and may have jump at the stopping
times (7;)%Y,, so that the intensity does not exist in this case. A similar phenomenon
appears in the generalized Cox process model proposed in [1] where the default can occur
at specific dates. A general model where the Azéma supermartingale is discontinuous
has also been studied in [12].

We can treat general F-stopping times (7)Y ;, (see Remark 2.5). In case they are
predictable F-stopping times, A! = 1i7,<¢) and M} = 0, so the last term on the right-hand
side of (3.1) vanishes and we obtain

t N
A= [ cnl®)n(d) + 3" s coph,
0 i=1

In case where {7;})¥, are totally inaccessible [F-stopping times, then 7 is a totally
inaccessible G-stopping time. In this case, the compensator process of 7 is continuous.
A similar result can be found in Coculescu [5].

Proposition 3.2. If (1;)Y, are totally inaccessible F-stopping times, then 7 is a totally
inaccessible G-stopping time.
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Proof. Since 7; is totally inaccessible, the F-compensator process A’ is continuous.
Moreover, (M',p') is the compensator of the process [D*,p’] = (<, ApL )i>o and
hence is continuous (see [7, VI.78] and the second part of its proof for details). Therefore
the process A in the Doob-Meyer decomposition of G is continuous since 7 is non-
atomic. This implies that the F-compensator AF of 7 is continous. Thus the process
(L{r>ey + AL, )¢>0 is a uniformly integrable G-martingale, which is continuous outside
the graphe of 7, and has jump size 1 at 7. Still by [7, VI.78], 7 is a totally inaccessible
G-stopping time.

O

There exists a multiplicative decomposition of the Azéma supermartingale. By [13,
Corollary 6.35], G exp(AF) is an F-martingale, which is the Doléans-Dade exponential of
the F-martingale M such that
Iic,_

>0 g,

dM, =
¢ Gy

In the following, we give the explicit multiplicative decomposition under the generalized
density hypothesis as a general case of [8, Proposition 4.1 (2)].

Proposition 3.3. Let ¢ := inf{t > 0 : G; = 0} and denote by A¥-¢ the continuous part of
AF¥. The multiplicative decomposition of the Azéma supermartingale G is given by

TF,c

Gy=Lie™" ] (1-AAY), t>0, (3.3)

O<u<t
where L is an F-martingale solution of the stochastic differential equation

L,
L, = 1_|_/ sz
! j0,0ng) (1 —AAY)G-

Proof. On the one hand, for any ¢ > 0, if there exists u €]0, ¢] such that AAE = 1, making
the right-hand side of (3.3) vanish, then we have ?(lljy .[). = 0, which implies that
G, = 0. It is a classic result that G is a non-negative supermartingale which sticks at 0
(c.f. [21, page 379]), then G; = 0. On the other hand, if AAF # 1, we denote by MY the
F-martingale defined as

dM,, t>0. (3.4)

dM} =

Let S = M¥ — A¥. Then one has G; = 1 + jio 1 G,_dS, for allt € R,. By [13, Corol-
laire 6.351, G = £(S) = LE(—AF), where L = £(MF) such that

To<i<ey

dMF = B==5
L1 — AAF

dMF

(here we use the fact that ¢ = inf{t > 0: AS; = —1} and ~AAF # —1 on ]0,£]). Then, L
is the solution of

Lt:1+/ Ly dMEF, t>o0.
10,t]

4 Martingales and semimartingales in G

In this section, we are interested in the G-martingales. We first characterize the G-
martingales by using F-martingale conditions, as done in [8, Proposition 5.6]. However,
under the generalized density hypothesis, we shall distinguish necessary and sufficient
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conditions although they have similar forms at the first sight. In fact, the decomposition
of a G-adapted process is not unique, and the martingale property can not hold true for
all modifications. This makes the necessary and sufficient conditions subtly different.

Proposition 4.1. Let Y¢ be a G-adapted process, which is written in the decomposed
form Y = Nrsny Y + Mgy Yi(7),t > 0, P-a.s. whereY is an IF-adapted process and
Y (-) is an F ® B(R, )-adapted process. Then Y is a G-(local) martingale if the following
conditions are verified:

(@) Lan 1r26)Y (0)a(9) is an F-(local) martingale on [0, oo[ for any 6§ € R..;
(b) Y (1;)p’ is an F-(local) martingale on [r;,cc[ for anyi € {1,--- ,N};

(c) the process YV;G; + fot Yo (w) v, (w)n(du) + Zf\;l Ly, <Y, (T)pk , t > 0 is an F-(local)
martingale.

Proof. We first treat the martingale case. By Proposition 2.7, the conditional expectation
E[Y¥|G:] can be written as the sum of

1 Gy 1 Gy
]1{T>t}{T:O}E []1{7>T}YT + ﬂ{t<T§T}YT(7)‘}'t} = ]1{r>t}{Tt>O} <E YrGr|F]
T N )
+ [ EWatar@)lF nd) + Y [ en Vel )
¢ i=1
and

Lo, (r)>0 l Lypisoy i
Lir<o (nmyl{#n}{a;((;j PEYr(0)ar(0)| oy + 3 Urmry =27 B Ve (r)pl 7] |
i=1

Hence, E[Y.5|G;] — V;¢ equals the sum of the following terms

1 T
ﬂ{m}% (BWeGr - viG71+ [ Ble(ar(lFl
t t
N (4.1)
+ Y B [Mcr, <7y Yr(7i)pip | Fi] )

i=1

and

1 at(7)>0
Ly (= V) Dy sy =2 47 G (05

4.2)
+Zﬂ{'r " {pt>0}E [YT(Tz)pT‘]:t:I )

Since the measure 7 is non-atomic, one has

T T
| Ebrwar@IFIn@) =B | [ oy, g Vetor (@

]-'t].
/y w)ava (u)p(du) f],
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where we use again the fact that 7 is non-atomic. Therefore, by the condition (b), one

can rewrite the term (4.1) as
T
/ Yo () v () () ‘]—'t]
t
N

+ 3 B [Lyer < Yo, ()05, | 7] >,

i=1

1
Tirsny {%770} (E [YrGr — Y;Gi|F: ]+ E

(4.3)

which vanishes thanks to the condition (c). Moreover, by condition (a) and (b), we can
rewrite (4.2) as

{at(7)>0} {pt>0}
I]-{T<t} < ( )+ ]]'ﬂNl{T;éTl}WY; +Z]]-{7' =7} Y;f( ) ) 3

which also vanishes.

In the following, we treat the local martingale case. Assume that the processes
in (a)-(c) are local F-martingales, then there exists a common sequence of [F-stopping
times which localizes the processes (a)-(c) simultaneously. Thus it remains to prove the
following claim: assume that ¢ is an [F-stopping time such that

(1) Tnr (201 Lio50y Y 7(0)a” (0) is an FF-martingale on [0, oo for 6 € R,

(2) Liy503Y 7 (7:)p"7 is an F-martingale on [7;, co[,

(3) the process 1,0} (Y;’G;’ + f”” (w)n(du) + ZZ 1 Lri<onny Yo, (1)L, ) t>0
is an F-martingale,

then the process ]1{U>0}YG"’ is a G-martingale.

Note that the processes «(f) and p* are all F-martingales for ¢ > 0, i € {1,..., N}.
Therefore, the conditions (1) and (2) imply the corresponding conditions in replacing
a’(#) and p*° by «a(f) and p’ respectively. We then deduce the following conditions

(1) Lay 20y L{o>0 (L{r<03 Y+ 1{r50; Y7 (0))(6) is an F-martingale on [6, oo for any
>0,

(2) Lios0y (Ur>01 Y7+ 1 s, <03 Y7 (7)) p" is an F-martingale on [r;, o[ fori € {1,--- , N},

(3) Lir>0y (Yt"Gt + fy (Mrcay Vi + o2y Y7 (W) o (wn(du) + 3500 Tir <y (Lr 50y Vi +
Nr<oy Y7 (TZ))p’T> t > 0 is an F-martingale.

One has 1;,.9,Y = l{,<4}Y> on [0, 00 and hence

(Moco1 Y + Tioz0y Y7 (0)) u(0) — Y7 (0)af ()
= ]]-{0<9} (Ya’at(g) - Yd(e)aﬂ(o)) + ]]'{O'ZG}YI-S/\G’(H) (at(e) - Oét/\a(a))
= L,cpy (Yor(0) — Yo (0)an(0)) + Lips0 Yo (0) (e (0) — aeno(0)), t>0

is an IF-martingale, which implies that (1) leads to (1’). Similarly, one has 1 {ﬂ>a}Y‘7 =
I4,551Y5 on [7;,00] and hence (2) leads to (2’). Finally, by (2.5), we obtain that

t N
Gy —|—/ o (u)n(du) + Z N <npy, t>0
0 i=1
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is an F-martingale and hence

t

N
]1{o>0}Ya (Gt - Gg + / Oéu(u)n(du) + Z ﬂ{a/\t<‘r'¢§t}p’7i—,,)a t>0
i=1

oAt

is also an F-martingale. Hence the condition (3) leads to (3’). By the martingale case of
the proposition proved above, applied to the process

]1{0>0}Y£G’0 =Ny o0 Y + Lir<iy Lios0y (Lirso} Y + <o Y7 (7)),

we obtain that ]l{g>0}YG’U is a G-martingale. In fact, if we replace in the conditions
(a)-(c) the process Y by 1;,-0,Y7, and Y;(0) by 1,0y (]1{9>U}Yt" + ]l{ggg}Yt"(Q)), then
the conditions (a)-(c) become (1’)-(3’). The proposition is thus proved. O

In view of Proposition 4.1, it is natural to examine whether the converse is true.
However, given a G-adapted process Y@, the decomposition YtG = oy Ye+ 1< Yi(7),
PP-a.s. is not unique. For example, if one modifies arbitrarily the value of Y () on
N {m # 0} for 0 in an n-negligiable set, the decomposition equality remains valid.
However, the IF-martingale property of I~ (. Y (6)a(f) cannot hold for all such
modifications. In the following, we prove that, if Y% isa G-martingale, then one can
find at least one decomposition of Y¢ such that Y and Y(.) satisfy the [F-martingale
conditions in Proposition 4.1.

Proposition 4.2. Let Y© be a G-martingale. There exist a cadlag IF-adapted process Y
and an O(F) ® B(R; )-measurable processes Y (-) which verify the following conditions :

(@) Lan (r20)Y (0)a(9) is an F-martingale on [0, oo[;
(b) Y (7;)p' is an F-martingale on [r;, o[ for anyi € {1,--- ,N};
(c) the process Yth+f0t Yu(u)au(u)n(du)—&—ZL Ly, <43 Yy, (7i)pk .t > 0 is an F-martingale;
and such that, for any t > 0 one has Y;¥ = Wrsn Y + My Yi(7),t >0, P-a.s.
Proof. The process Y% can be written in the following decomposition form
Y = Iany Vi + <y Vi(7), (4.4)

where Y and Y(~) are respectively FF-adpated and F ® B(R.+)-adapted processes. Since
Y© is a G-martingale, fori € {1,--- ,N}and 0 <t < T, one has

E[Yigl{rznﬁt”}_t] = E[YtGﬂ{T:TiSt}‘ft],

which implies
ﬂ{n St}E[YT(Ti)pH]:t] = ]l{ngt}Yt(Ti)pi-

This equality shows that Y (7;)p’ is an F-martingale on [r;, oo]. We take a cadlag version
of this martingale and replace Y (7;) on [7;, oo[ by the cadlag version of this martingale
multiplied by 1 {50y (p")~". This gives an O(F) ® B(R4)-measurable version of Y (-) and
the equality (4.4) remains true P-almost surely.

Similarly, for 0 <t < T, one has

Fi) = EYS Ui oy (rpny

EYF L lon  (rtr) Fil;

which implies

/0 B[V (0)ar(0)|F] n(ds) = / Vi(0)(0)(d6). 4.5)

EJP 20 (2015), paper 85. ejp.ejpecp.org
Page 13/21


http://dx.doi.org/10.1214/EJP.v20-3296
http://ejp.ejpecp.org/

Generalized density approach

Let D be a countable dense subset of R;. For any § € R, and all s,t € D such that
0 <s<t,let

Ti1(6) = ML 15 )0 0)1 )

The equality (4.5) shows that there exists an 7-negligeable Borel subset B of R such
that Yﬂs(ﬁ)as(ﬁ) = E[Y;(#)y(0)|F,] provided that # ¢ B. By the same arguments as in
the proof of Proposition 2.3, we obtain a cadlag F ® B(R.)-adapted process Y (-) verifying
the conditions (a) and (b), and such that YtG = ]1{T>t}}7t + H{Tgt}Yg(T), P-a.s..

For the last condition (c), for any ¢ > 0, let

t N
YE = BYCSIF) = TiGi+ [ Vi@)al6)n(do) + Y- UrcoYilrilpi
0 i=1
The process Y is an F-martingale. Since Y (7;)p’ is an F-martingale on [r;, +-oo] for all
1=1,---, N, we obtain that the process

t N
TGt [ Yi0)ai0)n(d8) + Y- U Y (), 120
0

i=1

is also an IF-martingale. Let Z be a cadlag version of this [F-martingale and let

1 ¢ o _
v = A7 (Zt - / Yi(0)ou(0) n(d6) = > Lir <y Y- <n)p;,>, 20
¢ 0 i=1

which is a cadlag version of the process Y. The equality ;¢ = Drsny Ve + ey Yi(7),
P-a.s. still holds. The result is thus proved. O

In the theory of enlargement of filtrations, it is a classical problem to study whether
an F-martingale remains a G-semimartingale. The standard hypothesis under which
this assertion holds true is the density hypothesis (c.f. [14, Section 2] in the initial
enlargement and [8, Proposition 5.9], [15, Theorem 3.1] in the progress enlargement of
filtrations). We now give an affirmative answer to this question under the generalized
density hypothesis, which provides a weaker condition.

Proposition 4.3. Any IF-local martingale U is a G-semimartingale which has the fol-
lowing decomposition:

d(U¥, M),
10,¢nr]  Gs—

d{U¥, a(u))s
T LAY fren) / Tl

Jm,tvr] Qs (u

N .
d(U", p")s
U=t i=1 Jr,tv] Ds—

where U% is a G-local martingale and M is the IF-martingale defined as

0o N
My =T {/ au(u)n(du)‘}—t} + szA” +p°, t>0. (4.7)
0 i=1

Proof. Let

t N
A= [ autn + 3 1 corh,
0 i=1
One has G = M — A. We denote by

d({U¥, M),
om [ AR
10,t] S
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and for 0 <t¢,

d<U]F a(9)>s N d(U]F pi>s
t( ) Nz {0#7:} 10,1 as—(6) ; (0=} 16.,4] Dh_

We define the process U® as
U = Lrsny (UF = Ki) + Lrcry (UF = Kr = Ki(7)) = LirsyUs + Liray Ui(7),

where U, = UF — K, and U,() = UF — Ky — K,(f). We check firstly that U and U(.) verify
the condition (c) in Proposition 4.1. Let Z = (Z,);>¢ be a process defined as

t
Zt = 075Gt +/ UM(’U,)dAu, t Z 0.
0

Then

dZy = d(U,Gy) + Uy (t)dA, = d(UFGy) — d(K,Gy) + (UF — K,)dA,
=UF dG, + G,_dUF + d[U¥, G, — K,dG; — Gi_dK; + UF dA; — K,dA, + d[U*, A],
= (UL — Ky)dM, + G, dUf + d[U*, M), — d({U", M),.
Therefore Z is an IF-local martingale.

We check now the conditions (a) and (b) in Proposition 4.1. On the set {# # 71} N...N
{0 # v} N {a(f) > 0}, one has

a(0u0)n(0)) = (UE. — Ko — Ki(0)) dar(6) + (0)dUF +d[UF, a(0)]i~d(UT, a(0)),, 0 <t
and on the set {r; <t} N {p{ >0} foralli=1,...,N,
d (Ut(n)pi) = (UL — K, — Ki(r;)) dp} + pi_dU} + d[U", p']; — d(U", p'),.

Therefore the process ﬂﬂgvzl{#ﬂ}ﬁ(@)aw) is an F-local martingale on [#, o[, and the
process U(Ti)pi is an IF-local martingale on [r;,00] for all i = 1,..., N. By Proposition
4.1, we obtain that US is a G-local martingale. O

Remark 4.4. We note that the decomposition G = M — A in the proof of the above
proposition is different from the Doob-Meyer decomposition of G since A is an F-optional
process. However, if IF is quasi left continuous, this decomposition coincides with the
Doob-Meyer decomposition. A general discussion concerning the optional decomposition
can be found in Song [22].

5 Applications

In this section, as applications of previous results in the generalized density approach,
we first discuss about the immersion property which is widely adopted in the credit risk
models and then study a two-name model with simultaneous defaults.

5.1 Immersion property

The pair of filtrations (I, G) is said to verify the immersion property if any F-
martingale is a G-martingale. In the literature of default modelling, the immersion
property is often supposed for the pricing of credit derivatives at times before default.
We give below a criterion under the generalized density hypothesis for the immersion
property to hold true.
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Proposition 5.1. The immersion property holds for (I, G) under the following condi-
tions:

(a) ai(0) = ag(P) for0 <6 <t on ﬂil\il{ﬁ #0};
(b) p; =p. ,, foranyie{1,--- ,N}.

Proof. Let Y be an F-martingale. It can be considered as a G-adapted process and
admits the following decomposition Y; = 154 Y; + 11«4 Y:,t > 0. The condition (a)
implies that the process Inn (7, 201(0)Y is an IF-martingale on [0, oo[ for any ¢ > 0. The
condition (b) implies that Yp' is an F-martingale on [r;,00] for any i € {1,---, N}. For
the last condition in Proposition 4.1, we have

t N
YiGy + / Yaou(n(du) + 3 1 cn Vb,
0

i=1

I N
Y [ antwhn(du) + 30 Voonaph g + Vi
0 i=1
0o N N
:n(/(mwwm+iyuﬁﬂ+§]nM—mmm
0 i=1 i=1
N
=Y+ Z(Yﬂ/\t - Y;f)plﬂ/\t

i=1

where the second equality comes from the fact pZT ¢ = pi and the third equality comes
from (2.4). Since Y is an [F-martingale, ((YnAt - Yt)piim)t>O is an IF-martingale for any
i=1,---,N. Hence we obtain the result. B O

Conversely, if the immersion property holds, then

(a) we can choose suitable conditional density process «(-) such that a;(6) = ay(0) for
0<0<ton,{r#0}

(b) for any i € {1,..., N}, the F-martingale p’ is stopped at ;.

However, the condition (a) may not hold in general since we are allowed to change the
value of o4 (0) for 6 in a n-negligible set without changing the F-conditional law of 7.

The immersion property is not necessarily preserved under a change of probability
measure. In the following, we study the change of probability measures based on the
previous results of G-martingale characterization, similar as in [8, Section 6.1]. Firstly,
we deduce relevant processes under a change of probability measure, as a generalization
of [8, Theorem 6.1]. Secondly, we show that to begin from an arbitrary probability
measure (where the immersion is not necessarily satisfied), we can always find a change
of probability which is invariant on I, and the immersion property holds under the new
probability measure.

Proposition 5.2. Let YC be a positive G-martingale of expectation 1, which is written
in the decomposed form as Y;& = NgrsnYs + U< Yi(7) where Y and Y () are positive
processes which are respectively IF-adapted and F ® B(R,)-adapted. Let Q be the
probability measure such that dQ/dP = Y,® on G; for any t > 0. Then the random time
T satisfies Assumption 2.4 under the probability Q, and the (I, Q)-conditional density
avoiding (7;)~_, and the (F, Q)-conditional probabilty of T = 7; < oo can be written in the
following form

]E[Y@(H)ag(eﬂft] pi,Q _ K&(Ti)pf‘:

YtIF 9 t 5/;]1:‘ (51)

Y, (6
ad(0) = ﬂ{egt}%at(@ + o>
t
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where

t N
YF = BYE|F] = Y + / Yi(0)on(6)1(d6) + 3 Wy <y Vi(ri)ph
0

i=1

Proof. Let Y% be as in the statement of the proposition. Let h be a bounded Borel
function, then

E[1 <y V5. h(7)|F
lim EQ[L g h(r)|F) = lim Dltrsn Y] 7]

5.2
n—-4o0o n—-4o0o E[KGLF)&] ( )

EQ[H{T<oo}h(T)|]:t]

where we use the optional stopping theorem of Doob for the second equality. Note that

t N
E[YE|F] = G,V + / Yi(0)ae(0) n(d6) + 3 W gry iy Vi ()i
0

i=1

and for any n € IN,
B[l (- <y Y, 1 (7) | F] :/On (ﬂ{egt}Yt(ﬁ) ar(0) + Loty E[Yy(0) g (0 )|-7:t]) (0) n(do)

N
+> (ﬂ{nsmn}Yt(Ti)Pih(Ti) + Ly EB[YS, (Ti)piih(ﬁ)ﬂ{ngn}ﬁt])~

i=1

Hence

i B e VS = [ (Lo Vil0)a:(6) + Losn EYo(6)as )71 )(6) (00

n—-+00

N
+ Z (I]'{Tzﬁf}Yi(Tl)p;h(Ti) + ]]‘{Ti>t}E[YT.,; (Tz)p}rlh(’rz)ﬂ{ﬂ<oo}|ft])7

i=1
which implies the required result together with (5.2). O
Proposition 5.3. We assume that the processes «(-) and p', i € {1,--- , N} are strictly

positive. Let Y and Y (-) be respectively F-adapted and I ® B(R.,)-adapted processes
such that

1 ¢ N ,
V= (1—/ ae(e)n(de)—zjn{m}p;), (5.3)
t 0 ;
ag(0) Py
Yi0) = Loy, (o) 5, g +Z ey 0SOSH (5.4)

Then the G-adapted process Y€ defined by YtG = H{T>t}Yt+II{T§t}Yt(T) is a non-negative
G-martingale with expectation 1. Moreover, if we denote by Q the probability measure
such that dQ/dP = Y;G on G;, then the restriction of  on F., coincides with IP and
(F, G) verifies the immersion property under the probability Q. Moreover, one has

ag(0) = ag(6) on (L, {r; # 0} and pi® = pi..

Proof. The assertion that V¢ is a G-martingale results from Proposition 4.1. Moreover,

one has
N

t
E[YE|F] = G.Y, + / Yi(0)oe(0)n(d8) + 3 W e Vilr)pi = 1.
0

i=1
Therefore the expectation of YtG is 1, and the restriction of  to F., coincides with IP. 11
remains to verify that (I, G) satisfies to the immersion property under the probability
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Q@ and the invariance of the values of ay(f) and PZT, By the previous proposition, on
N, {m # 6} one has

a(0) = o<y Ye(0)ar(0) + Losn E[Ya(0)as(8)| Fi] = Lgp<iyan(6) + Lio>i Elae(0)| 7]

and _
Py =Yi(ripi = pi, on {r <t}.

In particular, one has a§(0) = ay(6) on N, {r # 6} and pQ = pi . Moreover, by

Proposition 5.1 we obtain that (IF, G) satisfies to the immersion property under the
probability Q. The result is thus proved. O

5.2 A two-name model with simultaneous default

The density approach has been adopted to study multiple random times in [9], [16]
and [19]. In the classical literature of multi-default modelling, one often supposes
that there is no simultaneous defaults, notably in the classical intensity and density
models. For example, if we suppose that the conditional joint IF-density exists for
two default times, then the probability that the two defaults coincide equals to zero
(see [9]). However, during the financial crisis where the risk of contagious defaults
is high, it is important to study simultaneous defaults whose occurrence is rare but
will have significant impact on financial market. The generalized density approach
provides mathematical tools to study simultaneous defaults. The idea consists of using a
recurrence method.

In the following, we consider two random times ¢; and o, defined on the probability
space (2, A, F,P) and we assume that

IP(O’l € db, oo € d92|}—t) = ﬁt(6‘1792)d91d92 + A*(qt(ﬁ)dG), (5.5)

where 3(-,-) and g(-) are respectively positive cadlag F @ B(R3 ) and F ® B(R )-adapted
processes, and A : Ry — Ri denotes the diagonal embedding which sends z € R to
(z,7) € R?, and A, (q:(0)d0) is the direct image of the Borel measure ¢;(6)df by the map
A. Namely for any bounded Borel function h(-) on RZ, one has

E[h(o—l,O—Q)lft] == / 5t(91,02)h(91,92)d91d92 +/ qt(e)h(G,G)dG
R% Ry
In particular, the IF-conditional probability of simultaneous default is given by

Ploy = 03| 7] = / 4(0) do.
Ry
We shall apply previous results to this two-default model. Let F' be the progressive
enlargement of IF by the random time ;. Then o, is an F!-stopping time. The filtration
F! will play the role of the reference filtration in the previous sections.

Proposition 5.4. The random time o, satisfies the generalized density hypothesis with
respect to the filtration F!. The F'-conditional density of o, avoiding o, is given by

201 [ Bi(s,0)ds Bi(o1,0)
o (0)=0psn"—"r—— + 1y <cn——-, t20 (5.6)
t ( ) {o1>t} G% {o1<t} a%(al)

where o} (-) is the F;-density of oy and G} = P = (01 > t|F;). In addition, the F!-
conditional probability of simultaneous default is given by

> q(0)do
RCLLNS e ) 6.7
t

pi i=Ploy = 01| Fl) = 1y, :
t ( 2 1| t) {o1>t} Ot%(O’l)
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Proof. The hypothesis (5.5) implies that
P(oq € dO|F:) = ( N B:(6,02)d0s + qt(9)>d9
+
So the random time o; admits F-conditional density which is given by
ai () = N Bi(0,02)db2 + q:(0). (5.8)
+

Let G} = P(01 > t|F) = [~ o} (6)df. Direct computations yields

= 0 (6)d6
P(os = 01|F}) = L{ 50 Jil6) a(o1)

— th ]]-{0'1<t} ( 1) (5.9)

In fact, the term on the set {07 > t} is classical. For the term on the set {07 < ¢} in (5.9),
consider a bounded test function Y;(-) which is F; ® B(R)-measurable, by (5.5) one has

E[L{y,_y,cn)Vi(o1)] = / Elg,(0)Y; (6)]do6.

Since
Qt(Ul) ¢ Qt(a) ¢
B[, cn 2 Z5Vi(on)] = [ E[£T V00l 0)]ar = [ Bla@vie)m.
then ()
1 P _ 1 _q L\91)
{o1<t} (0'2 01|‘Ft ) {o1<t} Ottl(fh)
In a similar way, we obtain (5.6). O

Remark 5.5. By the symmetry between o; and o9, the generalized density hypothesis is
also satisfied by o; with respect to the filtration 2.

We are interested in the compensator process of o9 in the filtration G = (G,);>o which
is the progressive enlargement of ! by the random time 5. The random time ¢; admits
F-density, so o, is a totally inaccessible F'-stopping time. By Proposition 3.2, we know
that o9 is a totally inaccessible G-stopping time and the intensity exists.

Proposition 5.6. The random time o5 has a G-intensity given by

1 (11 [ Be(01,t)d6y + q4(t) 1 Bi(o1,1) )
toe 0\ = 15 155,01, 02)d01dbs + [ an(0)d0 = 175 8, (o 0

\2G _

Similarly, the G-intensity of o1 is given by

ALE g (]1 [ Be(t, 02)d0s 4 q4(t) T Bi(t, 02) )
t {o1>t} {o2>t} ft ft B4(01, 02)d6- 0 +ft 4:(0)df {o2<t} j;_;,_oo 67(970_2)d9

Proof. It suffices to prove the first assertion. The G-compensator of o5 is given by
oo At dA2|1
Af’G:/ —s 120
0 G

where

]1 - oo [e's) oo ]1 - —+oo
G?1P<02>tf3>“f”( / / Bu(s,0)dsdo-+ / qt<9>d9>+ b / By(c1,0)do
Gy t t t a;(o1) Jy
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and A2!! is the compensator of the IF'-conditional survival process G2!' of 3. By Proposi-
tion 3.1,

t t
Af“:/ aﬁ'l(a)dﬁ/ ps—dAl + (M, p);, >0,
0 0

21 and p are given as in Proposition 5.4, A' is the IF'-compensator of o, given by

o1 N\t 1
1 _ OLS(S)
Atf/O G ds, t>0.

where «

and M} = 14, <4y — A}, t > 0 is F'-martingale. Note that (M', p) is the F'-compensator
of the process

Goi(01)  Jyy 4o (0)d0
at, (o) at,

g1

Lo, <t} Apo, = ﬂ{algt}( ), t>0,

which equals

TNt aé(s)HS
where (cf. [8, Corollary 4.6])
H, — a(t) S~ a(6)df
af(t) G}

t o1 A\t
Afll :/ a3|1(9)d0+/ %(?)da
0 0 Gy

which implies that the random time o5 has a G-intensity given as in the proposition. O

Hence we obtain that

Remark 5.7. The equality

[e'] oo +oo
P(o1 Aog > t|Fy) = / / B(01,02)db db> + / q+(0)do
t t Jt
shows that F-intensity process of o1 A o9 is

I Be(0,t) + By(t,0)d0 + gu(1)
I [ B:(6,62)d6,d65 + [ q,(6)do”

min ,__
ARin

Note that the relation

min ,G ,G
]]‘{0'1/\0'2>t}A = ]]-{0'1/\0'2>t} ()\% + A? )

does not hold in general under the generalized density hypothesis.

Acknowledgments. We are grateful to Thorsten Schmidt, Shiqi Song and two anony-
mous referees for valuable suggestions and remarks.

References

[1] A. Bélanger, E. Shreve, and D. Wong. A general framework for pricing credit risk. Mathemat-
ical Finance, 14(3):317-350, 2004. MR-2070167

[2] T. R. Bielecki and M. Rutkowski. Credit risk: modelling, valuation and hedging. Springer
Finance. Springer-Verlag, Berlin, 2002. MR-1869476

[3] P. Carr and V. Linetsky. A jump to default extended CEV model: an application of bessel
processes. Finance and Stochastics, 10(3):303-330, 2006. MR-2244347

EJP 20 (2015), paper 85. ejp.ejpecp.org
Page 20/21


http://www.ams.org/mathscinet-getitem?mr=2070167
http://www.ams.org/mathscinet-getitem?mr=1869476
http://www.ams.org/mathscinet-getitem?mr=2244347
http://dx.doi.org/10.1214/EJP.v20-3296
http://ejp.ejpecp.org/

Generalized density approach

[4] L. Chen and D. Filipovi¢. A simple model for credit migration and spread curves. Finance
and Stochastics, 9(2):211-231, 2005. MR-2211125

[5] D. Coculescu. From the decompositions of a stopping time to risk premium decompositions.
preprint, 2010.
[6] C. Dellacherie and P-A. Meyer. Probabilités et potentiel, Chapitres I a IV. Hermann, Paris,
1975. MR-0488194
[7] C. Dellacherie and P.-A. Meyer. Probabilités et potentiel. Chapitres V a VIII. Hermann, Paris,
1980. Théorie des martingales. [Martingale theory]. MR-0566768
[8] N. El Karoui, M. Jeanblanc, and Y. Jiao. What happens after a default: the conditional
density approach. Stochastic Processes and their Applications, 120(7):1011-1032, 2010.
MR-2639736
[9] N. El Karoui, M. Jeanblanc, and Y. Jiao. Density approach in modelling successive defaults.
SIAM Journal on Financial Mathematics, 6(1):1-21, 2015. MR-3299135
[10] R. J. Elliott, M. Jeanblanc, and M. Yor. On models of default risk. Mathematical Finance,
10(2):179-195, 2000. MR-1802597
[11] P. V. Gapeev, M. Jeanblanc, L. Li, and M. Rutkowski. Constructing random times with given
survival processes and applications to valuation of credit derivatives. In Contemporary
quantitative finance, pages 255-280. Springer, Berlin, 2010. MR-2732850
[12] F. Gehmlich and T. Schmidt. Dynamic defaultable term structure modelling beyond the
intensity paradigm. preprint, 2014.
[13] ]J. Jacod. Calcul stochastique et probléemes de martingales, volume 714 of Lecture Notes in
Mathematics. Springer, Berlin, 1979. MR-0542115

[14] J. Jacod. Grossissement initial, hypothese (H’) et théoréme de Girsanov. In Grossissements de
filtrations: exemples et applications, volume 1118 of Lecture Notes in Mathematics, pages
15-35. Springer-Verlag, Berlin, 1985.

[15] M. Jeanblanc and Y. Le Cam. Progressive enlargement of filtrations with initial times.
Stochastic Processes and their Applications, 119(8):2523-2543, 2009. MR-2532211

[16] M. Jeanblanc, L. Li, and S. Song. An enlargement of filtration formula with application to
progressive enlargement with multiple random times. preprint, Arxiv 1402.3278, 2014.

[17] T. Jeulin. Semi-martingales et grossissement d’une filtration, volume 833 of Lecture Notes in
Mathematics. Springer, Berlin, 1980. MR-0604176

[18] T. Jeulin and M. Yor. Grossissement d’une filtration et semi-martingales: formules explicites.
In Séminaire de Probabilités, XII (Univ. Strasbourg, Strasbourg, 1976/1977), volume 649 of
Lecture Notes in Math., pages 78-97. Springer, Berlin, 1978. MR-0519998

[19]Y. Kchia, M. Larsson, and P. Protter. Linking progressive and initial filtration expansions.
In Malliavin calculus and stochastic analysis, Proceedings in Mathematics and Statistics,
Volume 34, pages 469-487. Springer, Berlin, 2013. MR-3070457

[20] L. Li. Random times and enlargements of filtrations. PhD dissertation, University of Sydney,
2012.

[21] P. Protter. Stochastic integration and differential equations, volume 21. Springer-Verlag,
Berlin, 2005. Second edition. Version 2.1. MR-2273672

[22] S. Song. Optional splitting formula in a progressively enlarged filtration. ESAIM. Probability
and Statistics, 18:881-899, 2014. MR-3334016

EJP 20 (2015), paper 85. ejp.ejpecp.org
Page 21/21


http://www.ams.org/mathscinet-getitem?mr=2211125
http://www.ams.org/mathscinet-getitem?mr=0488194
http://www.ams.org/mathscinet-getitem?mr=0566768
http://www.ams.org/mathscinet-getitem?mr=2639736
http://www.ams.org/mathscinet-getitem?mr=3299135
http://www.ams.org/mathscinet-getitem?mr=1802597
http://www.ams.org/mathscinet-getitem?mr=2732850
http://www.ams.org/mathscinet-getitem?mr=0542115
http://www.ams.org/mathscinet-getitem?mr=2532211
http://www.ams.org/mathscinet-getitem?mr=0604176
http://www.ams.org/mathscinet-getitem?mr=0519998
http://www.ams.org/mathscinet-getitem?mr=3070457
http://www.ams.org/mathscinet-getitem?mr=2273672
http://www.ams.org/mathscinet-getitem?mr=3334016
http://dx.doi.org/10.1214/EJP.v20-3296
http://ejp.ejpecp.org/

Electronic Journal of Probability
Electronic Communications in Probability

e Very high standards

Free for authors, free for readers

Quick publication (no backlog)

Low cost, based on free software (OJS?)

Non profit, sponsored by IMS?, BS3, PKP*
Purely electronic and secure (LOCKSS®)

Donate to the IMS open access fund® (click here to donate!)

e Submit your best articles to EJP-ECP

e Choose EJP-ECP over for-profit journals

10JS: Open Journal Systems http://pkp.sfu.ca/ojs/

2IMS: Institute of Mathematical Statistics http://www.imstat.org/

3BS: Bernoulli Society http://www.bernoulli-society.org/

4PK: Public Knowledge Project http://pkp.sfu.ca/

SLOCKSS: Lots of Copies Keep Stuff Safe http://www.lockss.org/

SIMS Open Access Fund: http://www.imstat.org/publications/open.htm


http://en.wikipedia.org/wiki/Open_Journal_Systems
http://en.wikipedia.org/wiki/Institute_of_Mathematical_Statistics
http://en.wikipedia.org/wiki/Bernoulli_Society
http://en.wikipedia.org/wiki/Public_Knowledge_Project
http://en.wikipedia.org/wiki/LOCKSS
https://secure.imstat.org/secure/orders/donations.asp
http://pkp.sfu.ca/ojs/
http://www.imstat.org/
http://www.bernoulli-society.org/
http://pkp.sfu.ca/
http://www.lockss.org/
http://www.imstat.org/publications/open.htm

	Introduction
	Generalized density hypothesis
	Compensator process
	Martingales and semimartingales in G
	Applications
	Immersion property
	A two-name model with simultaneous default

	References

